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Preface

This document contains unofficial student-made notes for the course Probability & Measure
taught by Michael Multerer with the assistance of Jacopo Quizi in Spring 2026 at the Univer-
sità della Svizzera italiana. These notes are mostly based on the course materials, especially [1],
but they also include additional explanations, examples, and intermediate steps to aid under-
standing. The textbooks listed for the course are [2, 3]. The counterexample in Example 3.6 is
adapted from [4]. The visualization in Definition 2.3 is adapted from [5]; the sketches in Propo-
sition 2.3 are inspired by [6, 7]; and the monkey illustration in Example 4.7 is adapted from [8].
If you spot an error, please report it to fabianlucasbosshard@gmail.com. The LATEX source is
available at https://github.com/fabianbosshard/usi-informatics-course-summaries.

This work is licensed under a Creative Commons “Attribution 4.0
International” license.
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0 Useful Notions

0 Useful Notions

Contingency table: displays the multivariate frequency distribution of the variables.

Conditional Probability and Bayes’ Theorem

Events

Conditional probability

P(A | B) =
P(A ∩B)

P(B)

Bayes’ theorem

P(A | B) =
P(B | A) P(A)

P(B)

Total probability

Let (Ai)i be a partition of Ω. Then

P(B) =
∑
i

P(B ∩Ai)

=
∑
i

P(B | Ai) P(Ai).

From Events to Random Variables

If X,Y are random variables, the same structure appears at the level of distributions.

Random Variables

Discrete case (pmf) Continuous case (pdf)
Joint distribution Joint distribution
pX,Y (x, y) = P(X = x, Y = y) fX,Y (x, y)

Marginal distribution Marginal distribution
pY (y) =

∑
x pX,Y (x, y) fY (y) =

∫
fX,Y (x, y) dx

Conditional distribution Conditional distribution

pX|Y (x | y) = pX,Y (x, y)

pY (y)
fX|Y (x | y) = fX,Y (x, y)

fY (y)
Bayes’ theorem Bayes’ theorem

pX|Y (x | y) =
pY |X(y | x) pX(x)∑
u pY |X(y | u) pX(u)

fX|Y (x | y) =
fY |X(y | x) fX(x)∫
fY |X(y | u) fX(u) du

Rational Numbers

For any a, b ∈ R with a < b ⋃
a<q1<q2<b

q1,q2∈Q

(q1, q2) = (a, b)

We have Q = R.

Telescopic Identity

Let (an)n∈N0 be a sequence. Then, for every N ∈ N, there holds
N∑

n=1

(an − an−1) = aN − a0 ⇐⇒ aN = a0 +

N∑
n=1

(an − an−1)

If an → a, then letting N → ∞ yields

a = a0 +

∞∑
n=1

(an − an−1) (0.1)
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0 Useful Notions

Open rectangles are open

To check that a rectangle is open, it suffices to show that every point inside it admits a small
ball still contained in the rectangle, see Remark 2.3.

Consider the rectangle

Q = (a, b) =
d

×
i=1

(ai, bi)

where a, b ∈ Rd with a < b. Given x ∈ Q, choose r(x) > 0 such that

0 < r(x) < min
1≤i≤d

{xi − ai, bi − xi}

which is possible because x ∈ Q implies ai < xi < bi for every i = 1, . . . , d. Now consider z ∈
Br(x)(x). Then

|zi − xi| ≤ ∥z − x∥2 < r(x)

for every i = 1, . . . , d. Hence

ai < xi − r(x) < zi < xi + r(x) < bi

for every i = 1, . . . , d. Thus z ∈ Q, and consequently Br(x)(x) ⊆ Q. Since every x ∈ Q lies in
such a ball, we can cover the rectangle by these balls,

Q =
⋃
x∈Q

Br(x)(x)

and deduce Q ∈ T , i.e. Q is open in the canonical topology (Example 2.1). In particular, every
rational open rectangle Q ∈ R is open, hence Borel by Definition 2.2. Thus R ⊆ T (see also
Proposition 2.1).

Set Operations

If P1 and P2 are properties of elements of Ω, then we have

• {ω ∈ Ω : P1(ω) ∧ P2(ω)} = {ω ∈ Ω : P1(ω)} ∩ {ω ∈ Ω : P2(ω)} (0.2)

• {ω ∈ Ω : P1(ω) ∨ P2(ω)} = {ω ∈ Ω : P1(ω)} ∪ {ω ∈ Ω : P2(ω)} (0.3)

• {ω ∈ Ω : ¬P1(ω)} = {ω ∈ Ω : P1(ω)}∁ (0.4)

Cartesian Product

Definition 0.1. The Cartesian product of two sets A and B is the set

A×B = {(a, b) : a ∈ A ∧ b ∈ B}

i.e., the set of all ordered pairs (a, b) with a ∈ A and b ∈ B. ◀

We have
(A1 ×A2) ∩ (B1 ×B2) = (A1 ∩B1)× (A2 ∩B2) (0.5)

since

(x, y) ∈ (A1 ×A2) ∩ (B1 ×B2) ⇐⇒ (x, y) ∈ A1 ×A2 ∧ (x, y) ∈ B1 ×B2

⇐⇒ (x ∈ A1 ∧ y ∈ A2) ∧ (x ∈ B1 ∧ y ∈ B2)

⇐⇒ (x ∈ A1 ∧ x ∈ B1) ∧ (y ∈ A2 ∧ y ∈ B2)

⇐⇒ x ∈ A1 ∩B1 ∧ y ∈ A2 ∩B2

⇐⇒ (x, y) ∈ (A1 ∩B1)× (A2 ∩B2)

But in general
(A1 ×A2) ∪ (B1 ×B2) ̸= (A1 ∪B1)× (A2 ∪B2) (0.6)
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0 Useful Notions

De Morgan’s Laws

Let (Ai)i∈I be a family of subsets of Ω, where I is an arbitrary, possibly countably or uncount-
ably infinite, indexing set.

We have (⋂
i∈I

Ai

)∁

=
⋃
i∈I

A∁
i (0.7)

since

x ∈

(⋂
i∈I

Ai

)∁

⇐⇒ x /∈
⋂
i∈I

Ai

⇐⇒ ¬
(
∀i ∈ I : x ∈ Ai

)
⇐⇒ ∃i ∈ I : x /∈ Ai

⇐⇒ ∃i ∈ I : x ∈ A∁
i

⇐⇒ x ∈
⋃
i∈I

A∁
i

We have (⋃
i∈I

Ai

)∁

=
⋂
i∈I

A∁
i (0.8)

since

x ∈

(⋃
i∈I

Ai

)∁

⇐⇒ x /∈
⋃
i∈I

Ai

⇐⇒ ¬
(
∃i ∈ I : x ∈ Ai

)
⇐⇒ ∀i ∈ I : x /∈ Ai

⇐⇒ ∀i ∈ I : x ∈ A∁
i

⇐⇒ x ∈
⋂
i∈I

A∁
i

Limit Inferior and Limit Superior

Let (An)n∈N be a sequence of subsets of Ω and let N ∈ N be fixed.

We have

lim inf
n→∞

An =

∞⋃
k=1

⋂
n≥k

An =

∞⋃
k=N

⋂
n≥k

An

because removing finitely many initial condi-
tions does not change the set of elements that
belong to all An eventually.

We have

lim sup
n→∞

An =

∞⋂
k=1

⋃
n≥k

An =

∞⋂
k=N

⋃
n≥k

An

because removing finitely many initial condi-
tions does not change the set of elements that
belong to infinitely many An.

Convergence of Functions

Let E be a set and let f, (fn)n∈N be functions E → R.

Definition 0.2 (pointwise convergence). We say that fn converges to f pointwise on E, de-
noted by fn

p.w.−−→ f , if
lim

n→∞
fn(x) = f(x)

for every x ∈ E.

Equivalently, for every x ∈ E and every ε > 0, there exists N = N(x, ε) ∈ N such that

n ≥ N =⇒ |fn(x)− f(x)| < ε ◀

Definition 0.3 (uniform convergence). We say that fn converges to f uniformly on E, de-
noted by fn

unif.−−−→ f , if
sup
x∈E

|fn(x)− f(x)| n→∞−−−−→ 0

Equivalently, for every ε > 0, there exists N = N(ε) ∈ N such that

n ≥ N =⇒ |fn(x)− f(x)| < ε

for every x ∈ E. ◀

In particular, uniform convergence implies pointwise convergence, but the converse is false in
general.

Example 0.1. Let fn : [0, 1] → R be given by fn(x) = xn. Then fn
p.w.−−→ 1{1} on [0, 1], but

the convergence is not uniform, since supx∈[0,1] |fn(x)− 1{1}(x)| = 1 for every n ∈ N. ◀
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1 Probability Spaces

1 Probability Spaces

1.1 Measurable Spaces

Let Ω be a non-empty set. We call Ω the sample space, which specifies the possible outcomes of
a random trial.

Based on the elementary outcomes ω ∈ Ω, one can also consider more complex events A ⊆ Ω,
which are based on the usual set operations.

If P is a property of elements of Ω, then the set

{ω ∈ Ω : P (ω)} ⊂ Ω

is the subset of all elements ω ∈ Ω for which P is true. Furthermore, for A ⊂ Ω, we write

A∁ := {ω ∈ Ω : ω /∈ A}

for the complement of A in Ω. The complement of Ω is the empty set ∅. Given two sets A,B ⊂
Ω, we further define their union by

A ∪B := {ω ∈ Ω : ω ∈ A or ω ∈ B}

their intersection by
A ∩B := {ω ∈ Ω : ω ∈ A and ω ∈ B}

and their difference by
A \B := A ∩B∁

The collection of all possible subsets of Ω is called the power set of Ω and is defined as

2Ω := {A : A ⊆ Ω}

We are often interested in certain subsets of the sample space. To work with these subsets, we
define a collection of events that is closed under the usual set operations.

Definition 1.1 (Algebra). A set F ⊆ 2Ω is called an algebra on Ω if

(i) Ω ∈ F

(ii) A ∈ F ⇒ A∁ ∈ F

(iii) A,B ∈ F ⇒ A ∪B ∈ F

The sets A ∈ F are called events. ◀

σ-algebra

algebra σ-ring

ring

semiring

σ-∪-sta
ble Ω ∈ A

Ω ∈ A
σ-∪-sta

ble

∪-stable

The smallest algebra is {∅,Ω}. Since for any algebra F ⊆ 2Ω, 2Ω is the largest algebra. Note
that any algebra is also closed under intersection, since A ∩B = (A∁ ∪B∁)∁ (De Morgan).

Proposition 1.1 (Algebras from partitions). For a partition Π of a finite set Ω, the associ-
ated collection

F(Π) :=

{ ⋃
E∈Π′

E : Π′ ⊆ Π

}
is an algebra on Ω. ◁

4



1 Probability Spaces

Proof. • Since Π is a partition of Ω, we have Ω =
⋃

E∈Π E, so by choosing Π′ = Π, we
obtain Ω ∈ F(Π). ✓

• Now let A ∈ F(Π). Then there exists ΠA ⊆ Π such that A =
⋃

E∈ΠA
E. Since the blocks

of a partition are pairwise disjoint and cover Ω, we obtain

A∁ = Ω \A =

( ⋃
E∈Π

E

)
\

( ⋃
E∈ΠA

E

)
=

⋃
E∈Π\ΠA

E

which is again a union of blocks. Hence A∁ ∈ F(Π). ✓

• Finally, let A,B ∈ F(Π). Then there exist ΠA,ΠB ⊆ Π such that A =
⋃

E∈ΠA
E and B

=
⋃

E∈ΠB
E. Therefore,

A ∪B =

( ⋃
E∈ΠA

E

)
∪

( ⋃
E∈ΠB

E

)
=

⋃
E∈ΠA∪ΠB

E,

and since ΠA ∪ΠB ⊆ Π, this shows that A ∪B ∈ F(Π). ✓ □

Example 1.1 (Different information ⇒ different algebras). Alice generates two random bits.
The sample space therefore is

Ω = {00, 01, 10, 11}

Alice observes the exact outcome

ΠA =
{
{00}, {01}, {10}, {11}

}
hence her observable events are all subsets of Ω:

FA = F(ΠA) = 2Ω

Bob is only told the number of ones in the two bits. This induces the partition

ΠB =
{
{00}, {01, 10}, {11}

}
of the sample space Ω. Therefore Bob can only observe events that are unions of blocks of ΠB ,
i.e., the algebra generated by ΠB :

FB = F(ΠB) = {∅, {00}, {01, 10}, {11}, {00, 11}, {00, 01, 10}, {01, 10, 11},Ω}

Cindy is only told whether the bits are equal or different. This induces the coarser partition

ΠC =
{
{00, 11}, {01, 10}

}
hence her observable events form the algebra:

FC = F(ΠC) = {∅, {00, 11}, {01, 10},Ω}

We have
FA ⊃ FB ⊃ FC

expressing that more information corresponds to a finer partition and thus a larger algebra of
observable events. ◀

Often, we encounter situations with infinitely many events and we want to assign probabilities
to the case that all of them occur simultaneously. This is possible, as long as the number of
events involved is at most countably infinite.

Definition 1.2. A set S is countable if S = ∅ or there exists a surjection f : N → S. ◀

Theorem 1.2. The Cartesian product of two countably infinite sets is countably infinite. ◁

5



1 Probability Spaces

Proof. Let A and B be two countably infinite sets. Then there exist surjections fA : N → A
and fB : N → B. We can define a surjection f : N → A×B by

f(n) := (fA(p1(n)), fB(p2(n)))

where p1(n) and p2(n) are the row and column indices of the n-th element in the diagonal enu-
meration of N× N, i.e.,

n 1 2 3 4 5 6 7 8 9 · · ·
p1(n) 1 2 1 3 2 1 4 3 2 · · ·
p2(n) 1 1 2 1 2 3 1 2 3 · · ·

This shows that A×B is countable. □

Definition 1.3 (σ-algebra). A set F ⊆ 2Ω is called a σ-algebra on Ω if

(i) F is an algebra (Definition 1.1) on Ω

(ii) for any A1, A2, · · · ∈ F we have
⋃∞

i=1 Ai ∈ F

The sets in F are called measurable and the tuple (Ω,F) is called a measurable space. ◀

Remark 1.2. Let I be an index set, which may be uncountably infinite, and let Ai ⊆ Ω for
each i ∈ I. We denote the union of Ai over i ∈ I by⋃

i∈I
Ai := {ω ∈ Ω : ω ∈ Ai for some i ∈ I}

and the intersection of Ai over i ∈ I by⋂
i∈I

Ai := {ω ∈ Ω : ω ∈ Ai for all i ∈ I}

If I is countable, e.g. I = N, we often write
⋃∞

i=1 Ai and
⋂∞

i=1 Ai to represent the union and
intersection of Ai over i ∈ I, respectively. ◀

Example 1.3 (Co-finite algebra). Let Ω = N and denote by F the collection of subsets of N
that are finite or co-finite, i.e.,

F = {A ⊆ N : |A| < ∞ or |A∁| < ∞}

Then F is an algebra, but not a σ-algebra, e.g. the sequence {2}, {4}, {6}, . . . is contained in F ,
but

⋃∞
i=1{2i} /∈ F . ◀

Recall that for sequences of real numbers, the limit inferior and limit superior are defined as

lim inf
i→∞

xi := lim
n→∞

inf
i≥n

xi and lim sup
i→∞

xi := lim
n→∞

sup
i≥n

xi

Definition 1.4. Let A1, A2, . . . be a sequence of subsets of Ω. The limit inferior and limit
superior of this sequence are defined as

lim inf
i→∞

Ai :=

∞⋃
i=1

∞⋂
k=i

Ak and lim sup
i→∞

Ai :=

∞⋂
i=1

∞⋃
k=i

Ak

respectively. ◀

If ω ∈ lim infi→∞ Ai, we say that “ω is in Ai eventually”, i.e., for all but finitely many i, whereas
ω ∈ lim supi→∞ Ai means that “ω is in Ai infinitely often”, i.e. for infinitely many i. We have

lim inf
i→∞

Ai ⊆ lim sup
i→∞

Ai (1.1)

The power set 2Ω is always the largest σ-algebra on Ω. In contrast, the smallest σ-algebra is
given by F = {∅,Ω}.
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Theorem 1.3 (Generated σ-algebra). Let A ⊆ 2Ω. If we define the set A is a family of
subsets of Ω

M := {F | A ⊆ F ⊆ 2Ω and F is a σ-algebra}

the smallest σ-algebra such that A ⊆ σ(A) is given by

σ(A) :=
⋂

F∈M
F

which is called the σ-algebra generated by A. ◁

Proof. M is non-empty since A ⊂ 2Ω. σ(A) is a σ-algebra:

• By Definition 1.1 (i), Ω ∈ F for all F ∈ M, which means that Ω ∈ σ(A). ✓

• If A ∈ σ(A), then A ∈ F for all F ∈ M. By Definition 1.1 (ii), this implies A∁ ∈ F for all
F ∈ M and, hence, A∁ ∈ σ(A). ✓

• Let An ∈ σ(A) for all n ∈ N. Then An ∈ F for all n ∈ N and each F ∈ M. By Defini-
tion 1.3 (ii), this implies

A :=

∞⋃
n=1

An ∈ F

for each such F . Therefore, A ∈ σ(A). ✓

Moreover, if A ∈ A, then A ∈ F for all F ∈ M, so A ∈ σ(A).

For minimality, let G be a σ-algebra with A ⊆ G. Then G ∈ M, hence

σ(A) =
⋂

F∈M
F ⊆ G

implying that σ(A) is the smallest σ-algebra containing A. □

Lemma 1.4 (Monotonicity). Let A, C ⊆ 2Ω with A ⊆ C. Then σ(A) ⊆ σ(C). ◁

Proof. Since σ(C) is a σ-algebra containing C, it also contains A. By the minimality of σ(A)
(Theorem 1.3), we obtain σ(A) ⊆ σ(C). □

Corollary 1.5 (Idempotency). For every A ⊆ 2Ω, σ(σ(A)) = σ(A). ◁

Proof. Since A ⊆ σ(A), monotonicity (Lemma 1.4) yields σ(A) ⊆ σ(σ(A)). On the other
hand, σ(A) is itself a σ-algebra containing σ(A), so by minimality of the generated σ-algebra,
σ(σ(A)) ⊆ σ(A). Thus equality holds. □

Example 1.4. Let (Ω1,F1) and (Ω2,F2) denote two measurable spaces (see Definition 1.3).
The product σ-algebra is defined as

F1 ⊗F2 := σ
(
{A1 ×A2 : A1 ∈ F1, A2 ∈ F2}

)
Note that the family

{A1 ×A2 : A1 ∈ F1, A2 ∈ F2}

is not a σ-algebra in general. Intuitively, it corresponds to the fact that while rectangles are
closed under intersections the same is not true for unions. The union of two rectangles in gen-
eral is not a rectangle.

Hence the family is not even an algebra, and therefore certainly not a σ-algebra. If it were
closed under complements, closure under unions would follow by De Morgan’s laws, leading to a
contradiction. It is, however, a semiring (Definition 2.5) of subsets of Ω1 × Ω2. ◀
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Example 1.5. Let Ω1 = Ω2 = N and F1 = F2 = 2N. Consider

R := {A1 ×A2 : A1 ∈ F1, A2 ∈ F2}

Define Rn := {n} × {n}, n ∈ N. Clearly, {n} ∈ 2N, so Rn ∈ R for all n ∈ N. Consider

D :=
⋃
n∈N

Rn = {(n, n) : n ∈ N}

which is the set of integer points on the diagonal of N× N.

We claim that D /∈ R. Indeed, suppose D = A×B for some A,B ⊆ N. Now take any n1, n2 ∈
N with n1 ̸= n2. Since (n1, n1) ∈ D, we have n1 ∈ A and n1 ∈ B. Since (n2, n2) ∈ D, we have
n2 ∈ A and n2 ∈ B. Thus, n1, n2 ∈ A and n1, n2 ∈ B, hence (n1, n2), (n2, n1) ∈ A×B = D, a
contradiction.

Thus R is not closed under countable unions and therefore not a σ-algebra. ◀

1.2 Measures

Introducing the concept of a measure, we can assign volumes to sets.

Definition 1.5 (Measure). Let (Ω,F) be a measurable space (see Definition 1.3). A set func-
tion µ : F → [0,∞] is called a measure if

(i) µ(∅) = 0,

(ii) for any A1, A2, · · · ∈ F with Ai ∩Aj = ∅ for i ̸= j, there holds the σ-additivity

µ
( ∞⋃
i=1

Ai

)
=

∞∑
i=1

µ(Ai) (1.2)

A measure µ is called σ-finite if there exists a sequence A1, A2, · · · ∈ F such that Ω =
⋃∞

i=1 Ai

and µ(Ai) < ∞ for all i ∈ N. It is finite if µ(Ω) < ∞. The triple (Ω,F , µ) is called a measure
space. ◀

Remark 1.6. If a measure assumes the value ∞, we make the convention ∞+∞ = ∞ and
∞+ c = ∞ for any c ∈ R. ◀

Definition 1.6 (Counting measure). Let Ω be a countable set and consider the measurable
space (Ω, 2Ω). We define the set function µ which assigns a set A ∈ F its cardinality, i.e.,
µ(A) = |A|. The set function µ is a measure called the counting measure. ◀

Example 1.7. Consider (N, 2N, µ) where µ(A) := |A| is the counting measure on N.

(a) µ is a measure because:

(i) µ(∅) = |∅| = 0. ✓

(ii) For pairwise disjoint (Ai)i∈N we have

µ

( ∞⋃
i=1

Ai

)
=

∣∣∣∣∣
∞⋃
i=1

Ai

∣∣∣∣∣ disjoint
=

∞∑
i=1

|Ai| =
∞∑
i=1

µ(Ai)

in all possible scenarios:
• |Ak| = ∞ for some k’s, i.e. some Ak have countably infinitely many elements. ✓

• |Ak| < ∞ for all k and |Ak| > 0 for infinitely many k. ✓

• |Ak| < ∞ for all k and |Ak| > 0 for finitely many k. ✓

(b) We can choose Ai := {i}. Then
⋃∞

i=1 Ai = N and µ(Ai) = |{i}| = 1 < ∞ for all i ∈ N.
Hence the counting measure is σ-finite.

(c) But µ(N) = |N| = ∞, so it is not finite. ◀

To assign probabilities to events, we consider the following specialization of a measure.

Definition 1.7 (Probability space). Let (Ω,F , µ) be a measure space. If µ(Ω) = 1, we call
(Ω,F , µ) a probability space and µ a probability measure. In this case, we usually denote µ by
P. ◀
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Example 1.8 (Discrete probability space). Let Ω = N. Suppose p1, p2, . . . are a sequence of
nonnegative real numbers such that

∞∑
i=1

pi = 1

For any A ⊂ Ω, we define
P(A) =

∑
i∈A

pi

Then, the set function P : 2Ω → [0, 1] is a probability measure and (Ω, 2Ω,P) is a probability
space. ◀

Theorem 1.6 (monotonicity). Let (Ω,F , µ) be a measure space. Let A,B ∈ F with A ⊆ B.
Then,

µ(A) ≤ µ(B) (1.3)
◁

Proof. We have B = A ∪ (B \ A), whereby the sets A and B \ A are disjoint. By (1.2), we
have

µ(B) = µ(A) + µ(B \A)

and since µ(B \A) ≥ 0 by definition, it follows that µ(B) ≥ µ(A). □

Corollary 1.7. Let (Ω,F , µ) be a measure space. Let A,B ∈ F with A ⊂ B and µ(A) < ∞.
Then,

µ(B \A) = µ(B)− µ(A) (1.4)
◁

Proof. The sets A and B \A = B ∩A∁ are disjoint. Since A ⊂ B, we have B = (B \A) ∪A.
By (1.2),

µ(B) = µ
(
(B \A) ∪A

)
= µ(B \A) + µ(A)

Since µ(A) < ∞, subtracting µ(A) yields the claim. □

Theorem 1.8 (△-inequality). Let (Ω,F , µ) be a measure space and let A,B ∈ F . Then,

µ(A ∪B) ≤ µ(A) + µ(B)

which can be interpreted as a triangle inequality . ◁

Proof. There holds A ∪B = A ∪ (B \A), which yields

µ(A ∪B) = µ(A ∪ (B \A)) = µ(A) + µ(B \A︸ ︷︷ ︸
⊂B

) ≤ µ(A) + µ(B)

by Theorem 1.6. □

Theorem 1.9 (countable subadditivity). Let (Ω,F , µ) be a measure space and let A1, A2, · · · ∈ F .
Then

µ
( ∞⋃
i=1

Ai

)
≤

∞∑
i=1

µ(Ai) (1.5)
◁

Proof. Define

Bi := Ai \
i−1⋃
j=1

Aj

where we set
⋃0

j=1 Aj := ∅ for i = 1. Then Bi ∈ F , the sets Bi are pairwise disjoint, Bi ⊆ Ai

for every i, and
∞⋃
i=1

Bi =

∞⋃
i=1

Ai

Hence by σ-additivity (1.2) and monotonicity from Theorem 1.6,

µ
( ∞⋃
i=1

Ai

)
= µ

( ∞⋃
i=1

Bi

)
=

∞∑
i=1

µ(Bi) ≤
∞∑
i=1

µ(Ai)

□
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Theorem 1.10. Let (Ω,F , µ) be a measure space and let

A1 ⊂ A2 ⊂ · · · ∈ F

be an increasing sequence of sets. Then,

lim
i→∞

µ(Ai) = µ
( ∞⋃
i=1

Ai

)
(1.6)

which can be seen as continuity from below for sequences of sets. ◁

Proof. We set B1 := A1 and Bi := Ai \Ai−1 for i > 1. Then, the sets Bi are mutually dis-
joint by construction and Ai =

⋃i
j=1 Bj . By σ-additivity (1.2), we infer

lim
i→∞

µ(Ai) = lim
i→∞

µ
( i⋃
j=1

Bj

)
= lim

i→∞

i∑
j=1

µ(Bj)

=

∞∑
j=1

µ(Bj)
(1.2)
= µ

( ∞⋃
j=1

Bj

)
= µ

( ∞⋃
i=1

Ai

)
where we used the fact that

⋃∞
i=1 Bi =

⋃∞
i=1 Ai in the last step. □

Theorem 1.11. Let (Ω,F , µ) be a measure space and let

A1 ⊃ A2 ⊃ · · · ∈ F

be a decreasing sequence of sets. Further assume that µ(Ai0) < ∞ for some i0 ∈ N. Then,

lim
i→∞

µ(Ai) = µ
( ∞⋂
i=1

Ai

)
(1.7)

which can be seen as continuity from above for sequences of sets. ◁

Proof. If i0 = 1, set Bi := A1 \Ai for i = 1, 2, . . . . The sequence B1 ⊂ B2 ⊂ . . . is increasing
and satisfies

µ(Bi) = µ(A1)− µ(Ai) (1.8)

by (1.4) since Ai ⊂ A1. In addition, we have

A1 \
( ∞⋃
i=1

Bi

)
= A1 ∩

( ∞⋃
i=1

Bi

)∁ (0.8)
= A1 ∩

( ∞⋂
i=1

B∁
i

)
=

∞⋂
i=1

(A1 ∩B∁
i )

=

∞⋂
i=1

(
A1 ∩ (A1 ∩A∁

i )
∁) = ∞⋂

i=1

(A1 ∩Ai) =

∞⋂
i=1

Ai (1.9)

which can be visualized as follows:

A1

A2

. . .

∞⋂
i=1

Ai

∞⋃
i=1

Bi

Thus,

lim
i→∞

µ(Ai) = µ(A1)−
(
µ(A1)− lim

i→∞
µ(Ai)

)
= µ(A1)− lim

i→∞

(
µ(A1)− µ(Ai)

)
(1.8)
= µ(A1)− lim

i→∞
µ(Bi)

(1.6)
= µ(A1)− µ

( ∞⋃
i=1

Bi

)
(1.4)
= µ

(
A1 \

( ∞⋃
i=1

Bi

))
(1.9)
= µ

( ∞⋂
i=1

Ai

)
If i0 > 1, we apply the same argument to the tail sequence starting at i0. Since removing finitely
many sets from a decreasing sequence does not change the intersection, we have

⋂∞
i=i0

Ai =⋂∞
i=1 Ai. Hence, limi→∞ µ(Ai) = µ(

⋂∞
i=i0

Ai) = µ(
⋂∞

i=1 Ai). □
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Example 1.9 (Why finiteness is necessary). Consider (N, 2N, µ) with counting measure µ(A)
= |A| as in Example 1.7, and define Ai := {n ∈ N : n ≥ i}.

(a) The sequence (Ai)i∈N is decreasing, since

Ai = {i} ∪ {n ∈ N : n ≥ i+ 1} = {i} ∪Ai+1

and therefore Ai+1 ⊆ Ai for all i ∈ N.

(b) Every Ai is (countably) infinite, so µ(Ai) = ∞ for all i ∈ N.

(c) Assume for contradiction that this is not the case. Then there exists some n ∈ N such
that n ∈ Ai for all i ∈ N. However, n /∈ Am for all m > n by definition, a contradiction. E
Thus

⋂∞
i=1 Ai = ∅.

(d) From (b), we have µ(Ai) = ∞ for all i ∈ N. Thus limi→∞ µ(Ai) = ∞, but from (c) we
have

µ
( ∞⋂
i=1

Ai

)
= µ(∅) = |∅| = 0

so continuity from above fails here. This does not contradict Theorem 1.11, since the
finiteness assumption fails: there is no i0 ∈ N such that µ(Ai0) < ∞. ◀

The properties in Theorems 1.10 and 1.11 are known as continuity from below and from above.
If we want to indicate that (Ai)

∞
i=1 is an increasing sequence of sets with union A, we write

Ai ↗ A. To indicate that it is a decreasing sequence of sets with intersection A, we write Ai ↘
A.

We have the following unifying result.

Theorem 1.12. Let (Ω,F , µ) be a measure space and let A1, A2, · · · ∈ F be a sequence of
sets. Suppose that

lim inf
i→∞

Ai = lim sup
i→∞

Ai

and denote that set by lim
i→∞

Ai. Then, if µ(
⋃∞

i=i0
Ai) < ∞ for some i0 ∈ N, we have

lim
i→∞

µ(Ai) = µ
(

lim
i→∞

Ai

)
More generally, if µ(

⋃∞
i=i0

Ai) < ∞ for some i0 ∈ N, we have

µ
(
lim inf
i→∞

Ai

)
≤ lim inf

i→∞
µ(Ai) ≤ lim sup

i→∞
µ(Ai) ≤ µ

(
lim sup
i→∞

Ai

)
◁

Proof. We prove the general statement, which implies the first one in the case that the limit
inferior and limit superior coincide.

A general property for any sequence of real numbers is that lim infi→∞ xi ≤ lim supi→∞ xi, so
the central ‘≤’ in the statement is satisfied.

For the remaining inequalities, we introduce

Bi :=

∞⋂
k=i

Ak Ci :=

∞⋃
k=i

Ak

Note that {Bi}∞i=1 is an increasing, while {Ci}∞i=1 is a decreasing sequence of sets. By Defini-
tion 1.4, we have

lim inf
i→∞

Ai =
∞⋃
i=1

Bi lim sup
i→∞

Ai =
∞⋂
i=1

Ci

Left ‘≤’: For k ≥ i, we have Bi ⊆ Ak, and hence, by Theorem 1.6, µ(Bi) ≤ µ(Ak), whenever
k ≥ i. This yields

µ(Bi) ≤ inf
k≥i

µ(Ak)

Taking the limit i → ∞ and using Theorem 1.10, we obtain

µ
(
lim inf
i→∞

Ai

)
def
= µ

( ∞⋃
i=1

Bi

)
(1.6)
= lim

i→∞
µ(Bi) ≤ lim

i→∞
inf
k≥i

µ(Ak)
def
= lim inf

i→∞
µ(Ai)

11
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Right ‘≤’: For k ≥ i, we have Ci ⊇ Ak, and hence, by Theorem 1.6, µ(Ci) ≥ µ(Ak), whenever
k ≥ i. This yields

µ(Ci) ≥ sup
k≥i

µ(Ak)

Taking the limit i → ∞ and using Theorem 1.11, we obtain

µ
(
lim sup
i→∞

Ai

)
def
= µ

( ∞⋂
i=1

Ci

)
(1.7)
= lim

i→∞
µ(Ci) ≥ lim

i→∞
sup
k≥i

µ(Ak)
def
= lim sup

i→∞
µ(Ai)

This concludes the proof. □

To conclude this section, we remark that is impossible to define a probability measure that
models the unifrom distribution for all subsets of [0, 1]. A non-measurable subset is, for exam-
ple, the Vitali set.

Fact 1.13. There is no translation invariant measure µ : 2[0,1] → [0, 1], i.e.,

µ(A+ x) = µ(A)

for all A ⊆ [0, 1] with A+ x ∈ [0, 1], x ∈ R such that

µ([a, b]) = b− a

for all a < b. ◁
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2 Lebesgue measure

2 Lebesgue measure

2.1 Borel sets

While σ-algebras formalize measurability, we often require concepts related to continuity. The
latter is assessed by means of a topology. To bring these two concepts together, one considers
the σ-algebra generated by a topology .

Definition 2.1 (Topology). A set T ⊆ 2Ω is called a topology on Ω if

(i) ∅,Ω ∈ T

(ii) O1, O2 ∈ T =⇒ O1 ∩O2 ∈ T

(iii) A ⊆ T =⇒
(⋃

O∈A O
)
∈ T

Sets O ∈ T are called open and sets A with A∁ ∈ T are called closed. The tuple (Ω, T ) is a
topological space. ◀

Example 2.1. In the case Ω = Rd for some d ∈ N, the canonical topology is induced by the
Euclidean norm

∥x∥2 =

√√√√ d∑
i=1

x2
i

This is seen as follows. Define the ball

Br(x) := {y ∈ Rd : ∥y − x∥2 < r}

with radius r > 0 and center x ∈ Rd. Then, for the union of all these balls

G = {Br(x) : x ∈ Rd, r > 0} ⊆ 2R
d

there holds

T =

{( ⋃
A∈A

A

)
: A ⊆ G

}
◀

Definition 2.2 (Borel sets). Let (Ω, T ) be a topological space (Definition 2.1). The σ-field
generated by T (Theorem 1.3), i.e., B(Ω) := σ(T ), is called the Borel σ-field and the sets in
B(Ω) are called Borel sets. ◀

Caution 2.2. Let (Ω, T ) be a topological space. Since the σ-algebra generated by T contains
T , we have

T ⊆ σ(T ) = B(Ω)
i.e. every open set is a Borel set. In general, however, not every Borel set is open! ◀

Example 2.1 (continuing). The Borel σ-algebra B(Rd) can also be generated by any of the
following sets

{Br(x) : x ∈ Rd, r > 0}

{A ⊆ Rd : A is open} {A ⊆ Rd : A is closed} {A ⊆ Rd : A is compact}

{Br(x) : x ∈ Qd, r ∈ Q+}

{(a, b) : a, b ∈ Qd,a < b} {[a, b] : a, b ∈ Qd,a < b}

{(a, b] : a, b ∈ Qd,a < b} {[a, b) : a, b ∈ Qd,a < b}

{(−∞, b) : b ∈ Qd} {(a,∞) : a ∈ Qd}

{(−∞, b] : b ∈ Qd} {[a,∞) : a ∈ Qd}

that is
B(Rd) = σ(E)

for any of the above sets E . Recall that a set is compact if it is closed and bounded, where the
latter means that it fits inside a ball of finite radius (Definition 2.7). Moreover, for a, b ∈ Rd,
we write a < b if and only if ai < bi for all i = 1, . . . , d. For a < b, we define the open rectangle
as the Cartesian product

(a, b) =
d

×
i=1

(ai, bi)

and [a, b], (a, b], [a, b) are defined analogously. At the open end of intervals, we allow for −∞
and ∞. ◀
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Remark 2.3 (Open sets in Rd). Let G ⊆ Rd. By Example 2.1, G is open in the canonical
topology if and only if for every x ∈ G there exists r > 0 such that Br(x) ⊆ G. Equivalently,
every point of an open set is an interior point. ◀

Proposition 2.1 (Rational open rectangles generate the Borel σ-algebra). Let

R = {(a, b) : a, b ∈ Qd, a < b}

Then

(a) R is countable

(b) every open rectangle (a, b) ⊂ Rd can be written as a countable union of elements of R

(c) B(Rd) = σ(R) ◁

Proof.

(a) An element of R is determined by a pair (a, b) ∈ Qd ×Qd with a < b. Since Q is count-
able, Qd is countable, and therefore Qd×Qd is countable as well (see Theorem 1.2). Hence
every subset of it, in particular R, is countable.

(b) Now let (a, b) be an open rectangle in Rd, i.e. (a, b) =×d
i=1(ai, bi). We claim that

(a, b) =
⋃

q,r∈Qd

a<q<r<b

(q, r)

where we note that {(q, r) ∈ Qd ×Qd : a < q < r < b} ⊂ R ⊂ Qd ×Qd, i.e. the index set
of the union is a subset of a countable set. Hence the union is over a countable index set.

‘⊇’: Let x ∈ (q, r) for some a < q < r < b. Then for every i = 1, . . . , d,

ai < qi < xi < ri < bi

and therefore x ∈ (a, b).

‘⊆’: Let x ∈ (a, b). Then for every coordinate i, by density of Q in R, there exist qi, ri ∈
Q such that ai < qi < xi < ri < bi. Setting q = [q1, . . . , qd], r = [r1, . . . , rd], we ob-
tain

a < q < x < r < b

and hence x ∈ (q, r). Since this rectangle appears in the union on the right-hand
side, we conclude that x ∈

⋃
q,r∈Qd

a<q<r<b

(q, r).

Thus every open rectangle in Rd is a countable union of elements of R.

(c) ‘⊆’: Let U ⊆ Rd be open, i.e. U ∈ T . By Remark 2.3, for every x ∈ U , there exists r > 0
such that Br(x) ⊆ U .

We construct an open rectangle around x contained in Br(x). Let ρ > 0 such that

ρ <
r√
d

and define (a, b) := (x− ρ1, x+ ρ1). Then ∀z ∈ (a, b), we have

∥z − x∥2 =

√√√√ d∑
i=1

(zi − xi)2 <

√
d∑

i=1

ρ2 =
√
d ρ < r

so z ∈ Br(x). Hence (a, b) ⊆ Br(x) ⊆ U .

Br(x)

r

r√
dρ

(a, b)

x

By part (b), (a, b) can be written as a countable union of elements of R. Thus for
every x ∈ U , there exists Q ∈ R with x ∈ Q ⊆ U .

All these rectangles cover U , i.e.,
U =

⋃
Q∈R
Q⊆U

Q

and this union is countable since R is countable. Therefore U ∈ σ(R). Hence T ⊆
σ(R) and by Lemma 1.4, B(Rd) = σ(T ) ⊆ σ(R).

‘⊇’: Every set in R is an open rectangle, hence open in Rd, and therefore Borel by Defi-
nition 2.2. Thus R ⊆ B(Rd). By Lemma 1.4, σ(R) ⊆ B(Rd). □
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Proposition 2.2 (Open sets as countable unions of balls). Let G ⊆ Rd be an open set in the
canonical topology (see Example 2.1). Then:

(a) for every x ∈ G there exists r > 0 such that the open ball

Br(x) = {y ∈ Rd : ∥y − x∥2 < r}

is contained in G, i.e. Br(x) ⊆ G.

(b) G can be written as a union of such balls, i.e.

G =
⋃
x∈G

Br(x)(x)

where for each x ∈ G, we choose r(x) > 0 such that Br(x)(x) ⊆ G.

(c) G can be written as a countable union of balls with rational centers and rational radii, i.e.

G =

∞⋃
n=1

Brn(xn)

with xn ∈ Qd and rn ∈ Q+. ◁

Proof.

(a) Since G ∈ T , ∃A ⊆ G such that G =
⋃

A∈A A. So if x ∈ G, then x ∈ A for some A ∈ A,
i.e. x ∈ BR(z) for some z ∈ Rd, R > 0.

BR(z)

Br(x)

Rr
x

z

If we choose r = R− ∥x− z∥2 > 0, then Br(x) ⊆ BR(z) ⊆ G, since for any y ∈ Br(x),

∥y − z∥2 ≤ ∥y − x∥2 + ∥x− z∥2 = ∥y − x∥2 +R− r < r +R− r = R

by the △-inequality.

(b) ‘⊆’: If x ∈ G, then ∥x− x∥2 = 0 < r(x), hence x ∈ Br(x)(x), so x ∈
⋃

z∈G Br(z)(z).

‘⊇’: If x ∈
⋃

z∈G Br(z)(z), then ∃y ∈ G such that x ∈ Br(y)(y). Since Br(y)(y) ⊆ G by
(a), we get x ∈ G.

(c) Let x ∈ G. By (a), there exists r > 0 such that Br(x) ⊆ G. By the density of Qd in Rd,
choose q ∈ Qd with ∥x − q∥2 < r

2
. By the density of Q in R, choose s ∈ Q+ such that

∥x− q∥2 < s < r − ∥x− q∥2. Then x ∈ Bs(q). Moreover, by the △-inequality, for every
y ∈ Bs(q),

∥y − x∥2 ≤ ∥y − q∥2 + ∥q − x∥2 < s+ ∥q − x∥2 < r

hence y ∈ Br(x). Therefore Bs(q) ⊆ Br(x) ⊆ G:

Br(x)

Bs(q)

r

r
2

s

r − ∥x−
q∥

2

q

x

Thus every x ∈ G lies in some ball Bs(q) with q ∈ Qd, s ∈ Q+, and Bs(q) ⊆ G. Hence

G =
⋃

q∈Qd, s∈Q+

Bs(q)⊆G

Bs(q)

and since Qd ×Q+ is countable (Theorem 1.2), the union is over a countable set. Hence
we can enumerate it as G =

⋃∞
n=1 Brn(xn) with xn ∈ Qd and rn ∈ Q+. □

15



2 Lebesgue measure

Definition 2.3 (Topological Continuity). Let (X, TX) and (Y, TY ) be topological spaces. A
function f : X → Y is called topologically continuous if for all open subsets V ∈ TY the preim-
age

f−1(V ) := {x ∈ X : f(x) ∈ V }

is an open subset of X, i.e., f−1(V ) ∈ TX , visualized as follows:

X Y

f−1(V ) V
f

◀

Definition 2.4 (ε-δ Continuity). A function f : R → R is called continuous at x0 ∈ R if for
every ε > 0 there exists δ > 0 such that |x − x0| < δ =⇒ |f(x) − f(x0)| < ε. A function is
called continuous if it is continuous at every point in its domain. ◀

Proposition 2.3. For a function f : R → R topological continuity is equivalent to the usual
ε-δ-continuity. ◁

Proof. We show both implications.

⇒: Fix x0 ∈ R and ε > 0 and consider V := (f(x0)− ε, f(x0) + ε), which is an open subset of
R. Hence by topological continuity also f−1(V ) is open. Since f(x0) ∈ V , we have x0 ∈
f−1(V ). As f−1(V ) is open, there exists δ > 0 such that (x0 − δ, x0 + δ) ⊆ f−1(V ):

x

y

f(x0)+ε

x0

f(x0)

f(x0)−ε

f−1(V )

δ δ

ε

ε

Therefore, if |x − x0| < δ, then x ∈ f−1(V ), so f(x) ∈ V = (f(x0) − ε, f(x0) + ε), and
thus |f(x)− f(x0)| < ε. Hence f is ε-δ-continuous at x0. Since x0 was arbitrary, f is ε-δ-
continuous everywhere.

⇐: Let V ⊆ R be open. Take any x0 ∈ f−1(V ). Then f(x0) ∈ V . Since V is open, there ex-
ists ε > 0 such that (f(x0)− ε, f(x0) + ε) ⊆ V . By ε-δ-continuity at x0, there exists δ > 0
such that |x− x0| < δ ⇒ |f(x)− f(x0)| < ε:

x

y

x0

V

f−1(V )

δ δ

ϵ

ϵ

This implies that for all x ∈ (x0 − δ, x0 + δ), we have f(x) ∈ (f(x0)− ε, f(x0) + ε) ⊆ V , so
(x0 − δ, x0 + δ) ⊆ f−1(V ). Since x0 was arbitrary in f−1(V ), it follows that every point
of f−1(V ) is an interior point, and therefore f−1(V ) is open. Hence f is topologically
continuous.

This proves the equivalence. □
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2 Lebesgue measure

2.2 Construction of the Lebesgue-Borel measure

Given a cuboid of the form [a, b], (a, b], [a, b) or (a, b), it seems natural to assign the volume

µ([a, b]) = µ((a, b]) = µ([a, b)) = µ((a, b)) =

d∏
i=1

(bi − ai)

to it. In the following, we will see that this set function can uniquely be extended to B(Rd) in a
unique fashion. The resulting extension is called Lebesgue-Borel measure (Theorem 2.6).

Definition 2.5 (Semiring). A set S ⊆ 2Ω is called a semiring if

(i) ∅ ∈ S

(ii) A,B ∈ S =⇒ A ∩B ∈ S

(iii) A,B ∈ S, B ⊆ A =⇒ there exist C1, . . . , Cn ∈ S, Ci ∩ Cj = ∅ such that

A \B =

n⋃
k=1

Ck

◀

Overview over set systems:

Topology T ⊆ 2Ω Algebra A ⊆ 2Ω σ-algebra F ⊆ 2Ω Semiring S ⊆ 2Ω

• ∅,Ω ∈ T
• finite intersections:⋂n

i=1 Oi ∈ T
• arbitrary unions:⋃

i∈I Oi ∈ T

• ∅,Ω ∈ A
• complement:

A∁ ∈ A
• finite unions/intersec’s:⋃n

i=1 Ai ∈ A⋂n
i=1 Ai ∈ A

• ∅,Ω ∈ F
• complement:

A∁ ∈ F
• countable unions/intersec’s:⋃∞

i=1 Ai ∈ F⋂∞
i=1 Ai ∈ F

• ∅ ∈ S
• finite intersections:⋂n

i=1 Ai ∈ S
• if B ⊆ A, then
A \ B =

⋃n
k=1 Ck

for disjoint Ck ∈ S

(Ω,T ): topological space (Ω,F): measurable space

Smallest: {∅,Ω}
Largest: 2Ω

Smallest: {∅,Ω}
Largest: 2Ω

Smallest: {∅,Ω}
Largest: 2Ω

Smallest: {∅}
Largest: 2Ω

Example 2.4 (Half-open rectangles). Let d ∈ N. The half-open rectangles

C := {(a, b] : a, b ∈ Rd,a ≤ b}

form a semiring:

(i) ∅ = (a,a] ∈ C. ✓

(ii) Let A = (a, b], B = (c,d] ∈ C. Then

A ∩B =

{
∅ if ai ≥ di or ci ≥ bi for some i = 1, . . . , d

(max(a, c),min(b,d)] otherwise

A

B

a1

a2

b2

b1

c1

c2

d2

d1

where max and min are taken componentwise. In both cases, A ∩B ∈ C. ✓

(iii) Let A = (a, b] and B = (α,β] be in C with B ⊆ A. For every dimension i = 1, . . . , d, de-
fine three intervals

Ii(L) = (ai, αi] Ii(M) = (αi, βi] Ii(R) = (βi, bi]

where we use the convention that Ii(·) = ∅ if the left endpoint is equal to the right end-
point (Since B ⊆ A, it cannot be greater than the right endpoint). Every vector s =
[s1, . . . , sd] ∈ {L,M,R}d corresponds to a rectangle

C(s) :=
d

×
i=1

Ii(si)

which is in C. Note that rectangles corresponding to different vectors are disjoint. Further-
more, the rectangle corresponding to s = [M, . . . ,M ] is exactly B, i.e. C([M, . . . ,M ]) = B
and the union of all rectangles corresponding to all possible 3d vectors s ∈ {L,M,R}d is
exactly A, i.e.

⋃
s∈{L,M,R}d C(s) = A. Therefore, we can write A \B as

A \B =
⋃

s∈{L,M,R}d
s̸=[M,...,M ]

C(s)
A

Ba1

a2

b1

b2

α1

α2

β1

β2

L M R

L

M

R

where s = [s1, . . . , sd] and si ∈ {L,M,R} for i = 1, . . . , d. The union is over (at most)
3d − 1 sets, hence finite. ✓ ◀
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2 Lebesgue measure

Similarly to measures (see Definition 1.5), we define the following properties of set functions on
semirings

Definition 2.6. Let S ⊆ 2Ω be a semiring and µ : S → [0,∞] be a set function. We say that
µ is

(i) additive if for any A1, . . . , An ∈ S with Ai ∩ Aj = ∅ for i ̸= j and
⋃n

i=1 Ai ∈ S, there
holds

µ

(
n⋃

i=1

Ai

)
=

n∑
i=1

µ(Ai)

(ii) σ-subadditive if for any A ∈ S and any A1, A2, . . . ∈ S with A ⊆
⋃∞

i=1 Ai (i.e. they cover
A), there holds

µ(A) ≤
∞∑
i=1

µ(Ai)

(iii) σ-finite if there exists a sequence A1, A2, . . . ∈ S such that Ω =
⋃∞

i=1 Ai and µ(Ai) < ∞
for all i ∈ N. ◀

On a semiring, additivity is sufficient to guarantee finite subadditivity:

Lemma 2.4. Let S ⊆ 2Ω be a semiring and µ : S → [0,∞] be an additive set function. Then
µ is also finitely subadditive, i.e. for any A ∈ S and any A1, . . . , An ∈ S with A ⊆

⋃n
i=1 Ai,

there holds

µ(A) ≤
n∑

i=1

µ(Ai)

◁

Proof. Define

Bk := Ak \
k−1⋃
i=1

Ai =

k−1⋂
i=1

(
Ak \ (Ak ∩Ai)

)
for k = 1, . . . , n, where we use the convention that

⋃0
i=1 Ai = ∅. This is the standard disjoin-

tification of A1, . . . , An, i.e.
n⊔

k=1

Bk =

n⋃
k=1

Ak

and Bk1 ∩Bk2 = ∅ for k1 ̸= k2, which is emphasized by the symbol ‘
⊔

’.

For every k = 1, . . . , n and every i = 1, . . . , k − 1, we have Ak ∩ Ai ∈ S by Definition 2.5 (ii).
Hence, by Definition 2.5 (iii), each set Ak \ (Ak ∩ Ai) is a finite disjoint union of sets in S.
Therefore, Bk, being a finite intersection of such sets, is a finite union of sets in S. Refining this
finite union if necessary, there exist ck ∈ N and pairwise disjoint sets Ck,1, . . . , Ck,ck ∈ S such
that

Bk =

ck⊔
i=1

Ck,i

Now consider

Ak \Bk = Ak ∩
k−1⋃
i=1

Ai =

k−1⋃
i=1

(Ak ∩Ai)

Since each Ak ∩Ai belongs to S, the set Ak \Bk is a finite union of sets in S. Refining again if
necessary, there exist dk ∈ N and pairwise disjoint sets Dk,1, . . . , Dk,dk ∈ S such that

Ak \Bk =

dk⊔
i=1

Dk,i

Since

Ak = Bk ⊔ (Ak \Bk) =

(
ck⊔
i=1

Ck,i

)
⊔

(
dk⊔
i=1

Dk,i

)
is a disjoint union, additivity yields

µ(Ak) =

ck∑
i=1

µ(Ck,i) +

dk∑
i=1

µ(Dk,i) ≥
ck∑
i=1

µ(Ck,i)
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2 Lebesgue measure

Moreover, the sets B1, . . . , Bn are pairwise disjoint and

A ⊆
n⋃

k=1

Ak =

n⊔
k=1

Bk =

n⊔
k=1

ck⊔
i=1

Ck,i (2.1)

Hence

A =

n⊔
k=1

ck⊔
i=1

(Ck,i ∩A)

where the union is disjoint. By additivity, we have

µ(A) =

n∑
k=1

ck∑
i=1

µ(Ck,i ∩A) ≤
n∑

k=1

ck∑
i=1

µ(Ck,i) ≤
n∑

k=1

µ(Ak)

Hence µ is finitely subadditive. □

Theorem 2.5 (Carathéodory Extension). Let S ⊆ 2Ω be a semiring and

µ : S → [0,∞]

be an additive (i), σ-subadditive (ii) and σ-finite (iii) set function with µ(∅) = 0. Then there is
a unique σ-finite measure

µ̃ : σ(S) → [0,∞]

such that µ̃(E) = µ(E) for all E ∈ S. ◁

Example 2.5. Let (Ωi,Fi, µi), i = 1, . . . , n be measure spaces (Definition 1.5). As in Exam-
ple 1.4, we set

Ω =
n

×
i=1

Ωi

F =

n⊗
i=1

Fi := σ

({
n

×
i=1

Ai : Ai ∈ Fi

})
If all measures µi are σ-finite (iii), then there exists a unique measure µ =

⊗n
i=1 µi called the

product measure such that

µ

(
n

×
i=1

Ai

)
=

n∏
i=1

µi(Ai) (2.2)
◀

Using Theorem 2.5, we are now able to prove the following result:

Theorem 2.6. There exists a uniquely determined measure λd on (Rd,B(Rd)) with the prop-
erty that

λd((a, b]) =

d∏
i=1

(bi − ai)

for all a, b ∈ Rd with a < b. The measure λd is called the Lebesgue-Borel measure. ◁

Definition 2.7. A set K ⊆ Rd is called bounded if there exist x ∈ Rd and r > 0 such that

K ⊆ Br(x)

where Br(x) is the open ball defined in Example 2.1. ◀

Definition 2.8. An open cover of a set K ⊆ Rd is a family (Oi)i∈I with Oi ∈ T 1 for all i ∈ I
such that

K ⊆
⋃
i∈I

Oi

A finite subcover is a finite subfamily Oi1 , . . . , Oin with

K ⊆
n⋃

k=1

Oik

◀

Remark 2.6. In Rd, the following definitions of compact sets are equivalent:

• K is closed (Definition 2.1) and bounded (Definition 2.7)

• every open cover of K admits a finite subcover

This is the Heine–Borel theorem. ◀

1T denotes the canonical topology on Rd, see Example 2.1
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2 Lebesgue measure

Proof (of Theorem 2.6). Let C be the semiring of half-open rectangles from Example 2.4, and
define

µ
(
(a, b]

)
:=

d∏
j=1

(bj − aj)

This set function µ is additive, since the volume of a box equals the sum of the volumes of
finitely many disjoint boxes forming it. Hence, in order to apply Theorem 2.5, it remains to
verify that µ is σ-subadditive and σ-finite.

We first show σ-subadditivity. Let (a, b], (a(1), b(1)], (a(2), b(2)], · · · ∈ C with

(a, b] ⊆
∞⋃
i=1

(a(i), b(i)]

We show that

µ
(
(a, b]

)
≤

∞∑
i=1

µ
(
(a(i), b(i)]

)
(2.3)

To this end, we use a compactness argument to reduce (2.3) to finite subadditivity. Let ε > 0.
For every i ∈ N, choose b

(i)
ε > b(i) (componentwise) such that

µ
(
(a(i), b(i)ε ]

)
≤ µ

(
(a(i), b(i)]

)
+ ε2−i−1 (2.4)

Further choose aε ∈ (a, b) such that

µ
(
(aε, b]

)
≥ µ

(
(a, b]

)
− ε

2
(2.5)

Then we have the inclusions

[aε, b] ⊆ (a, b] ⊆
∞⋃
i=1

(a(i), b(i)] ⊆
∞⋃
i=1

(a(i), b(i)ε )

Since [aε, b] is compact and the last union is an open cover of it, there exists N ∈ N such that

(aε, b] ⊆ [aε, b] ⊆
N⋃
i=1

(a(i), b(i)ε ) ⊆
N⋃
i=1

(a(i), b(i)ε ]

Since µ is finitely subadditive on C (see Lemma 2.4), we obtain

µ
(
(aε, b]

)
≤

N∑
i=1

µ
(
(a(i), b(i)ε ]

)
(2.6)

Combining (2.5), (2.6) and (2.4), we conclude

µ
(
(a, b]

)
≤ ε

2
+

N∑
i=1

(
µ
(
(a(i), b(i)]

)
+ ε2−i−1

)
Hence

µ
(
(a, b]

)
≤ ε

2
+

N∑
i=1

µ
(
(a(i), b(i)]

)
+

N∑
i=1

ε2−i−1 ≤ ε+

∞∑
i=1

µ
(
(a(i), b(i)]

)
since µ(·) ≥ 0. Letting ε ↘ 0 yields (2.3). Thus µ is σ-subadditive.

It remains to check σ-finiteness. But Rd =
⋃∞

n=1(−n, n]d and µ
(
(−n, n]d

)
= (2n)d < ∞ for all

n ∈ N. Hence µ is σ-finite.

All assumptions of Theorem 2.5 are therefore satisfied. Consequently, there exists a unique σ-
finite measure λd : B(Rd) = σ(C) → [0,∞] such that λd

(
(a, b]

)
= µ

(
(a, b]

)
=
∏d

j=1(bj − aj) for
all a, b ∈ Rd with a < b. This is the Lebesgue–Borel measure. □
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2 Lebesgue measure

Exercise 2.7 (Translation invariance on cuboids). Work on Rd and let λd be the Lebesgue–
Borel measure. For h ∈ Rd and A ⊆ Rd, define

A+ h := {x+ h : x ∈ A}

(a) Show that for every half-open cuboid C = (a, b] and every h ∈ Rd, one has

C + h = (a+ h, b+ h]

(b) Deduce that
λd(C + h) = λd(C)

for every half-open cuboid C.

(c) Fix h ∈ Rd and consider
µh(A) := λd(A+ h)

for A ∈ B(Rd). Show that µh is a measure on B(Rd).

(d) Show that µh and λd coincide on the semiring

C = {(a, b] : a < b}

(e) Deduce from the uniqueness statement in Theorem 2.5 that

λd(A+ h) = λd(A)

for all A ∈ B(Rd). ✍

Solution.

(a) Let C = (a, b] and h ∈ Rd. We show both inclusions.

⊆: First, let y ∈ C + h. Then there exists x ∈ C such that y = x+ h. Since x ∈ C =
(a, b], we have a < x ≤ b componentwise, and hence

a+ h < x+ h = y ≤ b+ h

Thus y ∈ (a+ h, b+ h].

⊇: Conversely, let y ∈ (a+ h, b+ h]. Define x := y − h. Then

a+ h < y ≤ b+ h =⇒ a < y − h ≤ b

and therefore x ∈ (a, b] = C. Since y = x+ h, this implies y ∈ C + h.

Combining both inclusions yields the desired equality.

(b) By Theorem 2.6,

λd(C + h)
(a)
= λd((a+ h, b+ h]) =

d∏
i=1

(
(bi + hi)− (ai + hi)

)
=

d∏
i=1

(bi − ai) = λd(C)

(c) We first note that A+ h ∈ B(Rd) for every A ∈ B(Rd). Indeed, the translation map

Th : Rd −→ Rd

x 7−→ Th(x) = x+ h

is a homeomorphism, hence maps Borel sets to Borel sets. Thus µh is well-defined.

Clearly,
µh(∅) = λd(∅+ h) = λd(∅) = 0

Now let (An)n∈N be pairwise disjoint sets in B(Rd). Then the translated sets (An +h)n∈N
are pairwise disjoint: if y ∈ (Ai + h) ∩ (Aj + h), then

y = xi + h = xj + h

for some xi ∈ Ai and xj ∈ Aj , so xi = xj . Therefore Ai ∩Aj ̸= ∅, which implies i = j.
Moreover, ( ∞⋃

n=1

An

)
+ h =

∞⋃
n=1

(An + h) (2.7)

21



2 Lebesgue measure

Hence,

µh

( ∞⋃
n=1

An

)
= λd

(( ∞⋃
n=1

An

)
+ h

)
(2.7)
= λd

( ∞⋃
n=1

(An + h)

)
(1.2)
=

∞∑
n=1

λd(An + h) =

∞∑
n=1

µh(An)

Thus µh is a measure on B(Rd).

(d) Let C = (a, b] ∈ C. Then by (b),

µh(C) = λd(C + h) = λd(C)

Hence µh and λd coincide on C.

(e) Both µh and λd are measures on B(Rd) = σ(C) and, by (d), they agree on C. Moreover,
λd is σ-finite on C, since

Rd =

∞⋃
n=1

(−n, n]d and λd((−n, n]d) = (2n)d < ∞

By the uniqueness statement in Theorem 2.5, we obtain

µh = λd

on B(Rd). Thus,
λd(A+ h) = µh(A) = λd(A)

for all A ∈ B(Rd). ◀

Definition 2.9 (Semicontinuity). A function f : R → R is called

• upper semicontinuous if for every x0 ∈ R and every ε > 0 there exists δ > 0 such that

|x− x0| < δ =⇒ f(x) < f(x0) + ε

i.e. it cannot suddenly “jump upward”

• lower semicontinuous if for every x0 ∈ R and every ε > 0 there exists δ > 0 such that

|x− x0| < δ =⇒ f(x) > f(x0)− ε

i.e. it cannot suddenly “jump downward”

x0 x

f(x)

upper semicontinuous, but
not lower semicontinuous at x0

x0 x

f(x)

lower semicontinuous, but
not upper semicontinuous at x0

A real-valued function f is upper (respectively, lower) semicontinuous at a point x0 if, roughly
speaking, the function values for arguments near x0 are not much higher (respectively, lower)
than f (x0). Equivalently, a function on a domain X is lower semi-continuous if its epigraph
{(x, t) ∈ X × R : t ≥ f(x)} is closed in X × R, and upper semi-continuous if −f is lower semi-
continuous. ◀

Example 2.8 (Lebesgue-Stieltjes measure). Let Ω = R and S = {(a, b] : a, b ∈ R, a ≤ b}. S is
a semiring (see Example 2.4) with σ(S) = B(R).

Consider a monotonically increasing and right-continuous function F : R → R. Then the set
function

µ̃F : S −→ [0,∞)

(a, b] 7−→ µ̃F ((a, b]) = F (b)− F (a)
(2.8)

is additive, σ-subadditive, σ-finite and satisfies µ̃F (∅) = 0.

By Theorem 2.5, we can uniquely extend µ̃F to a σ-finite measure µF on B(R), called the Lebesgue-
Stieltjes measure with distribution function F . ◀
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2 Lebesgue measure

Definition 2.10. A right continuous monotonically increasing function F : R → [0, 1] with

F (−∞) := lim
x→−∞

F (x) = 0 and F (∞) := lim
x→∞

F (x) = 1

is called a cumulative distribution function, probability distribution function or simply distribu-
tion function. If P is a probability measure on (R,B(R)), then

FP : R −→ [0, 1]

x 7−→ FP(x) = P((−∞, x])

is called the distribution function of P. ◀

Clearly, FP is right continuous and FP(−∞) = 0, since P is upper semicontinuous and finite.
Since P is lower semicontinuous, we have FP(∞) = P(R) = 1. Therefore, FP is indeed a distribu-
tion function if P is a probability measure. More generally, every finite measure on (R,B(R)) is
a Lebesgue-Stieltjes measure for some function F .

Exercise 2.9 (Semicontinuity and distribution functions). Work on R equipped with its canonical
topology. Recall Definition 2.9.

(a) Show that FP is monotonically increasing.

(b) Show that FP is upper semicontinuous.

(c) Show that FP is lower semicontinuous from the right.

(d) Show that FP is right continuous. ✍

Solution.

(a) Let x, y ∈ R with x ≤ y. Then (−∞, x] ⊆ (−∞, y]. Hence, by Theorem 1.6,

FP(x) = P((−∞, x]) ≤ P((−∞, y]) = FP(y)

(b) Fix x ∈ R and ε > 0.

• If y ≤ x, then by (a),
FP(y) ≤ FP(x) < FP(x) + ε

• It remains to control the case y > x. Let (δn)n∈N be a sequence with δn > 0 and
δn ↘ 0. Consider

Cn := (x, x+ δn]

for n ∈ N. Then (Cn)n∈N is a decreasing sequence of events with

∞⋂
n=1

Cn = ∅

Thus, by continuity of P from above (Theorem 1.11),

lim
n→∞

P(Cn) = P

( ∞⋂
n=1

Cn

)
= P(∅) = 0

Hence there exists N ∈ N such that P((x, x+ δN ]) < ε for all n ≥ N . Set δ := δN . If
x < y < x+ δ, then

(x, y] ⊆ (x, x+ δ]

and therefore
FP(y) = P((−∞, y])

= P((−∞, x] ⊔ (x, y])

(1.2)
= P((−∞, x]) + P((x, y])

(1.3)
≤ P((−∞, x]) + P((x, x+ δ])

< FP(x) + ε

Combining the cases y ≤ x and y > x yields

|y − x| < δ =⇒ FP(y) < FP(x) + ε

Thus FP is upper semicontinuous.
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(c) Fix x ∈ R and ε > 0. Since FP is monotonically increasing by (a), we have for every y ≥ x

FP(y) ≥ FP(x) > FP(x)− ε

Thus we may choose any δ > 0, and then

x ≤ y < x+ δ =⇒ FP(y) > FP(x)− ε

Hence FP is lower semicontinuous from the right.

(d) Fix x ∈ R and ε > 0. By (b), there exists δ(b) > 0 such that

|y − x| < δ(b) =⇒ FP(y) < FP(x) + ε

By (c), there exists δ(c) > 0 such that

x ≤ y < x+ δ(c) =⇒ FP(y) > FP(x)− ε

Set δ := min{δ(b), δ(c)}. Then, for every y ∈ [x, x+ δ), both estimates hold, and hence

FP(x)− ε < FP(y) < FP(x) + ε

Equivalently,
|FP(y)− FP(x)| < ε

for all y ∈ [x, x+ δ). Thus
lim
y↘x

FP(y) = FP(x)

so FP is right continuous.

Alternatively, let (yn)n∈N be a sequence with yn ↘ x. Then the events (−∞, yn] form a
decreasing sequence and

∞⋂
n=1

(−∞, yn] = (−∞, x]

Therefore, by continuity of P from above (Theorem 1.11),

lim
n→∞

FP(yn) = lim
n→∞

P((−∞, yn]) = P

( ∞⋂
n=1

(−∞, yn]

)
= P((−∞, x]) = FP(x)

◀

Theorem 2.7. The map P 7−→ FP is a bijection from the set of probability measures on (R,
B(R)) to the set of probability distribution functions. ◁

Exercise 2.10 (Lebesgue-Stieltjes measure for step functions). Let x1 < · · · < xn be real
numbers and p1, . . . , pn ≥ 0 with

∑n
k=1 pk = 1. Define

F (x) :=

n∑
k=1

pk1[xk,∞)(x) (2.9)

for x ∈ R. Let µF be the Lebesgue-Stieltjes measure (Example 2.8) associated with F .

(a) Show that F

(i) is monotonically increasing

(ii) is right continuous

(iii) satisfies limx→−∞ F (x) = 0 and limx→∞ F (x) = 1

(b) Compute µF ((a, b]) explicitly in terms of the points xk and the weights pk.

(c) Show that µF ({xk}) = pk for k = 1, . . . , n.

(d) Show that if A ∈ B(R), then

µF (A) =

n∑
k=1

pk1A(xk)

(e) Conclude that every finitely supported probability measure on R, that is, every probabil-
ity measure of the form

ν =

n∑
k=1

pkδxk

for some x1 < · · · < xn and p1, . . . , pn ≥ 0 with
∑n

k=1 pk = 1, is a Lebesgue-Stieltjes mea-
sure (Example 2.8). ✍
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Solution.

(a) (i) Let x ≤ y. Then
1[xk,∞)(x) ≤ 1[xk,∞)(y)

for every k ∈ {1, . . . , n}. Since pk ≥ 0 for all k, summing over k yields F (x) ≤ F (y).
Hence F is monotonically increasing.

(ii) Each function 1[xk,∞) is right continuous. Indeed, if ym ↘ x, then: if x < xk, even-
tually ym < xk, so 1[xk,∞)(ym) = 0 = 1[xk,∞)(x); if x ≥ xk, then ym ≥ xk for all m,
so 1[xk,∞)(ym) = 1[xk,∞)(x) = 1. Thus

lim
m→∞

1[xk,∞)(ym) = 1[xk,∞)(x)

y1 ≥ y2 ≥ y3 ≥ · · ·,
limn→∞ yn = x i.e.

∀n ∈ N : yn+1 ≤ yn,
∀ε > 0 ∃N ∈ N ∀n ≥ N : |yn − x| < ε

A finite sum of right continuous functions is right continuous, so F is right continu-
ous.

(iii) If x → −∞, then for every k we eventually have x < xk, hence 1[xk,∞)(x) = 0. Therefore
F (x) = 0 eventually, and so limx→−∞ F (x) = 0. If x → ∞, then for every k we even-
tually have x ≥ xk, hence 1[xk,∞)(x) = 1. Therefore F (x) =

∑n
k=1 pk = 1 eventually,

and so limx→∞ F (x) = 1.

(b) Using the definition of F , we obtain

µF ((a, b])
(2.8)
= F (b)− F (a)

(2.9)
=

n∑
k=1

pk1[xk,∞)(b)−
n∑

k=1

pk1[xk,∞)(a)

=

n∑
k=1

pk
(
1[xk,∞)(b)− 1[xk,∞)(a)

)
=

n∑
k=1

pk1(a,b](xk) =
∑

k:a<xk≤b

pk

(c) Fix k ∈ {1, . . . , n}. If we choose ε > 0 such that

(xk − ε, xk] ∩ {x1, . . . , xn} = {xk}

then by part (b),

µF ((xk − ε, xk])
(b)
=

∑
j:xk−ε<xj≤xk

pj = pk

Moreover, F is constant on

(xk − ε, xk) =
⋃

1
ε
<m∈N

(
xk − ε, xk − 1

m

]
since this interval contains no point xj . Hence

µF ((xk − ε, xk))
(1.6)
= lim

m→∞
µF

((
xk − ε, xk − 1

m

])
= 0

Since (xk − ε, xk] = (xk − ε, xk) ⊔ {xk}, additivity yields

µF ((xk − ε, xk]) = µF ((xk − ε, xk)) + µF ({xk}) = µF ({xk})

Consequently, µF ({xk}) = pk.

(d) Define a probability measure µ on (R,B(R)) by

µ :=

n∑
k=1

pkδxk

where δxk (A) = 1A(xk) for every A ∈ B(R). Then for every A ∈ B(R),

µ(A) =
∑

k:xk∈A

pk

Moreover, for every a ≤ b,
µ((a, b]) =

∑
k:a<xk≤b

pk

By part (b), µ((a, b]) = µF ((a, b]) for all a ≤ b. Since both µ and µF are finite Borel mea-
sures on R and the family S := {(a, b] : a, b ∈ R, a ≤ b} generates B(R), Theorem 2.5 im-
plies that µ = µF . Therefore,

µF (A) = µ(A) =
∑

k:xk∈A

pk =

n∑
k=1

pk1A(xk)

for every A ∈ B(R).
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(e) Define F (x) :=
∑n

k=1 pk1[xk,∞)(x). By part (d), the Lebesgue–Stieltjes measure µF asso-
ciated with F satisfies

µF (A) =
∑

k:xk∈A

pk =

n∑
k=1

pk1A(xk) =

n∑
k=1

pkδxk (A) = ν(A)

for all A ∈ B(R). Hence ν = µF . Thus every finitely supported probability measure on
(R,B(R)) is a Lebesgue–Stieltjes measure. ◀

2.3 Null sets

If (Ω,F ,P) is a probability space, we might expect that every subset of an event E with P(E) =
0 also has probability zero. In general, however, subsets of such events need not be measur-
able.

Definition 2.11. Let (Ω,F , µ) be a measure space.

(i) A set B ∈ F with µ(B) = 0 is called a µ-null set. By

Nµ := {N ∈ 2Ω : B ∈ F , N ⊆ B, µ(B) = 0}

we denote the family of all subsets of µ-null sets.

(ii) Let P (ω) be a property of ω ∈ Ω. We say that P holds µ-almost everywhere (a.e.) if there
exists a null set N such that P (ω) holds for every ω ∈ Ω \N .

(iii) If µ = P is a probability measure, we say that P holds P-almost surely (a.s.).

(iv) The measure space (Ω,F , µ) is called complete if F contains all subsets of µ-null sets. ◀

Theorem 2.8. Let (Ω,F , µ) be a σ-finite measure space and define

G := {A ∪N : A ∈ F , N ∈ Nµ}

Then G = σ(F ∪Nµ). In particular, G is a σ-algebra. ◁

Proof. First note that if N ∈ Nµ, then by Definition 2.11 there exists a measurable µ-null set
B ∈ F such that N ⊆ B.

We show that G is a σ-algebra (Definition 1.3):

(i) Since ∅ ∈ Nµ and Ω ∈ F , we have Ω = Ω ∪ ∅ ∈ G. ✓

(ii) Now let G = A ∪ N ∈ G with A ∈ F and N ∈ Nµ. Choose B ∈ F with µ(B) = 0 and
N ⊆ B. Then

G∁ = (A ∪B)∁︸ ︷︷ ︸
∈F

∪
(
B \ (A ∪N)

)︸ ︷︷ ︸
⊆B
∈Nµ

Ω
A B

N

Therefore G∁ ∈ G. ✓

(iii) Consider (Gi)i∈N with Gi = Ai ∪ Ni ∈ G for i ∈ N with Ai ∈ F and Ni ∈ Nµ. Choose
measurable µ-null sets Bi ∈ F such that Ni ⊆ Bi. Then

∞⋃
i=1

Gi =

∞⋃
i=1

(Ai ∪Ni)
2
=

( ∞⋃
i=1

Ai

)
∪

( ∞⋃
i=1

Ni

)

By Definition 1.3,
⋃∞

i=1 Ai ∈ F . Since Ni ⊆ Bi for all i, we have

∞⋃
i=1

Ni ⊆
∞⋃
i=1

Bi

and by countable subadditivity from Theorem 1.9,

µ

( ∞⋃
i=1

Bi

)
≤

∞∑
i=1

µ(Bi) = 0

implying
⋃∞

i=1 Ni ∈ Nµ. Thus
⋃∞

i=1 Gi ∈ G. ✓

2
x ∈

∞⋃

i=1

(Ai ∪ Ni) ⇔ ∃i ∈ N : x ∈ Ai ∪ Ni ⇔ ∃i ∈ N : (x ∈ Ai ∨ x ∈ Ni) ⇔ x ∈
∞⋃

i=1

Ai ∨ x ∈
∞⋃

i=1

Ni ⇔ x ∈
( ∞⋃

i=1

Ai

)
∪
( ∞⋃

i=1

Ni

)
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Hence G is a σ-algebra.

Since A = A ∪ ∅ ∈ G for every A ∈ F and N = ∅ ∪N ∈ G for every N ∈ Nµ, we have

F ∪Nµ ⊆ G

As G is a σ-algebra, Theorem 1.3 yields

σ(F ∪Nµ) ⊆ G

Conversely, if G ∈ G, then G = A ∪N with A ∈ F and N ∈ Nµ. Since both A and N belong to
F ∪Nµ, they belong to σ(F ∪Nµ) by Theorem 1.3. As this is a σ-algebra, it is closed under
unions, hence G ∈ σ(F ∪Nµ). Therefore

G ⊆ σ(F ∪Nµ)

Combining both inclusions gives the claim. □

We have the following fact, which states that every σ-finite measure space admits a comple-
tion.

Fact 2.9. Let (Ω,F , µ) be a σ-finite measure space. Then there exist a unique smallest σ-
algebra F∗ ⊃ F and an extension µ∗ of µ to F∗ such that (Ω,F∗, µ∗) is complete. The measure
space (Ω,F∗, µ∗) is called the completion of (Ω,F , µ). Moreover,

F∗ = σ (F ∪Nµ) and µ∗(A ∪N) = µ(A)

for any A ∈ F and N ∈ Nµ. ◁

Example 2.11. Let λd be the Lebesgue-Borel measure on (Rd,B(Rd)). Then λd can be uniquely
extended to a measure λ∗ on

B∗(Rd) = σ(B(Rd) ∪N )

where N is the family of all subsets of Lebesgue-Borel null sets. The σ-algebra B∗(Rd) is called
the σ-algebra of Lebesgue measurable sets. In what follows, we call λd the Lebesgue-Borel mea-
sure and λ∗ the Lebesgue measure. ◀
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3 Random variables

3.1 Measurable functions

Definition 3.1. Let (Ω,F) and (Ω′,F ′) be measurable spaces (see Definition 1.3). A function
f : Ω → Ω′ is called (F ,F ′)-measurable or simply measurable if

f−1(B) := {ω ∈ Ω : f(ω) ∈ B} ∈ F

for every B ∈ F ′, i.e. the preimage of every measurable set is measurable. ◀

Definition 3.2. If (Ω,F ,P) is a probability space and X : Ω → R is (F ,B(R))-measurable,
we call X a random variable (see diagram). If X : Ω → Rd is (F ,B(Rd))-measurable, we call X
a random vector. ◀

F

Ω

ω1

ω2

ω3

X−1(B)

ω1

∅

B(R)

R

B

R

0

P(X−1(B))

1

X

X−1

P

PX = P ◦ X−1

The concept of random variables ensures that we can assign probabilities to sets of the form

{ω ∈ Ω : X(ω) ∈ B} = X−1(B)

where B ∈ B(R) is a Borel set. The probability of the above set is given by P(X−1(B)).

Notation 3.3. As shorthand notation, we often write {X ∈ B} for X−1(B) = {ω ∈ Ω : X(ω)
∈ B}, and P(X ∈ B) for P(X−1(B)). ◀

Example 3.1. If F is the trivial σ-algebra {∅,Ω}, then a function X : Ω → Ω′ is measurable
if and only if X−1(B) ∈ {∅,Ω} for every B ∈ F ′.

In particular, if Ω′ = R and F ′ = B(R), then the only measurable functions X : Ω → R are the
constant functions: if X were not constant, there would be ω1, ω2 ∈ Ω with X(ω1) ̸= X(ω2),
and then the Borel set {X(ω1)} would have preimage neither ∅ nor Ω, contradicting measura-
bility.

If F is the power set 2Ω, then every function X : Ω → Ω′ is measurable. ◀

Theorem 3.1. Let (Ω,F) be a measurable space (Definition 1.3) and A ⊆ Ω. The indicator
function

1A(ω) =

{
1 if ω ∈ A

0 otherwise

is (F ,B(R))-measurable if and only if A ∈ F . ◁

Proof. Consider B ∈ B(R). We have

1−1
A (B) =


∅ if 0, 1 /∈ B

A if 0 /∈ B, 1 ∈ B

A∁ if 0 ∈ B, 1 /∈ B

Ω if 0, 1 ∈ B

If A ∈ F , then the four possible preimages are all in F , so 1A is measurable. If A /∈ F , then the
preimage of B = {1} is A, which is not in F , so 1A is not measurable. □
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Example 3.2. Consider the indicator function 1Q : R → R of the rational numbers Q ⊂ R.
Since Q is countable, we have Q ∈ B(R). Hence 1−1

Q ({1}) = Q and 1−1
Q ({0}) = R \Q are Borel

sets, so 1Q is measurable. ◀

Fact 3.2 (Properties of preimage). Let f : Ω → Ω′ and g : Ω′ → Ω′′ be functions. Define h :=
g ◦ f . Then

(i) f−1(A∁) = (f−1(A))∁ for any A ⊆ Ω′

(ii) Let (Ai)i∈I be a family of subsets of Ω′. Then

f−1

(⋃
i∈I

Ai

)
=
⋃
i∈I

f−1(Ai) and f−1

(⋂
i∈I

Ai

)
=
⋂
i∈I

f−1(Ai)

(iii) h−1(B) = f−1(g−1(B)) for any B ⊆ Ω′′ ◁

Proof. (i) x ∈ f−1(A∁) ⇔ f(x) ∈ A∁ ⇔ f(x) /∈ A ⇔ x /∈ f−1(A) ⇔ x ∈ (f−1(A))∁

(ii) x ∈ f−1

(
⋃
i∈I

Ai

)
⇔ f(x) ∈ ⋃

i∈I

Ai ⇔ ∃i ∈ I : f(x) ∈ Ai ⇔ ∃i ∈ I : x ∈ f−1(Ai) ⇔ x ∈ ⋃
i∈I

f−1(Ai)

and
x ∈ f−1

(
⋂
i∈I

Ai

)
⇔ f(x) ∈ ⋂

i∈I

Ai ⇔ ∀i ∈ I : f(x) ∈ Ai ⇔ ∀i ∈ I : x ∈ f−1(Ai) ⇔ x ∈ ⋂
i∈I

f−1(Ai)

(iii) x ∈ h−1(B) ⇔ h(x) ∈ B ⇔ g(f(x)) ∈ B ⇔ f(x) ∈ g−1(B) ⇔ x ∈ f−1(g−1(B)) □

3.2 Construction of measurable functions

Theorem 3.3. Let (Ω,F), (Ω′,F ′), (Ω′′,F ′′) be measurable spaces (Definition 1.3). Assume
f : Ω → Ω′ is (F ,F ′)-measurable and g : Ω′ → Ω′′ is (F ′,F ′′)-measurable. Define h := g ◦ f .
Then h : Ω → Ω′′ is (F ,F ′′)-measurable. ◁

Proof. Let B ∈ F ′′. Since g is (F ′,F ′′)-measurable, we have g−1(B) ∈ F ′. Since f is (F ,F ′)-
measurable, we have f−1(g−1(B)) ∈ F . Hence, by Fact 3.2.(iii), h−1(B) ∈ F . □

Theorem 3.4 provides an effective way to check measurability of a function (Definition 3.1).

Theorem 3.4. Let (Ω,F), (Ω′,F ′) be measurable spaces (Definition 1.3) and f : Ω → Ω′ be
a function. Let A be a generator of F ′, i.e. σ(A) = F ′ (Theorem 1.3). Then f is (F ,F ′)-mea-
surable if and only if f−1(A) ∈ F for every A ∈ A.

Proof. ‘⇒’: If f is (F ,F ′)-measurable, then f−1(A) ∈ F for every A ∈ A ⊂ F ′.

‘⇐’: Assume f−1(A) ∈ F for all A ∈ A. Consider

C := {B ⊆ Ω′ : f−1(B) ∈ F}

i.e. the collection of subsets of Ω′ whose preimages are measurable. By construction, A ⊆ C. It
is therefore enough to show that C is a σ-algebra (Definition 1.3), since by Theorem 1.3 we then
have F ′ = σ(A) ⊆ C.

• Ω′ ∈ C, since f−1(Ω′) = Ω ∈ F . ✓

• Consider B ∈ C. By definition, f−1(B) ∈ F . Since F is a σ-algebra, we have (f−1(B))∁ ∈
F . Therefore, by Fact 3.2.(i), f−1(B∁) ∈ F . Hence B∁ ∈ C. ✓

• Now let (Bi)
∞
i=1 ⊆ C. Then f−1(Bi) ∈ F for every i ∈ N. Since F is a σ-algebra, we have⋃∞

i=1 f
−1(Bi) ∈ F . Therefore, by Fact 3.2.(ii), f−1(

⋃∞
i=1 Bi) ∈ F . Hence

⋃∞
i=1 Bi ∈ C. ✓

Thus, C is a σ-algebra. As mentioned, this implies that f is (F ,F ′)-measurable. □

Definition 3.4 (Image measure). Let (Ω,F , µ) be a measure space, let (Ω′,F ′) be a measur-
able space and let T : Ω → Ω′ be measurable. The image measure of µ under T is the measure

µT : F ′ → [0,∞]

defined by
µT (A) := µ(T−1(A)) (3.1)

for all A ∈ F ′.

If X : Ω → R is a random variable on a probability space (Ω,F ,P), then the image measure PX

is called the distribution of X. ◀
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Recall the definition of (topologically) continuous functions from Definition 2.3. As the Borel
σ-algebra is generated by a topology, we immediately have the following result on the measura-
bility of continuous functions.

Corollary 3.5. A continuous function f : Ω → Ω′ (Definition 2.3) between topological spaces
(Ω, τ) and (Ω′, τ ′) is (B(Ω),B(Ω′))-measurable, where B(Ω) = σ(τ) and B(Ω′) = σ(τ ′). ◁

Proof. Since f is continuous (Definition 2.3), we have f−1(U) ∈ τ ⊆ B(Ω) for every open set
U ∈ τ ′. But τ ′ generates the Borel σ-algebra on Ω′, i.e. B(Ω′) = σ(τ ′) (see Definition 2.2).
Hence, by Theorem 3.4, it follows that f is (B(Ω),B(Ω′))-measurable. □

Example 3.3. Any continuous function f : Rd1 → Rd2 is (B(Rd1),B(Rd2))-measurable. ◀

Theorem 3.6. Let (Ω,F) be a measurable space and let f, g : Ω → R. If f and g are (F ,
B(R))-measurable, then so are f + g, f − g, f · g, c · f for every c ∈ R. If, in addition, g(ω) ̸= 0
for all ω ∈ Ω, then so is f/g : Ω → R. ◁

Proof. Define α : Ω → R2, α(ω) := [f(ω), g(ω)]⊤. For any open rectangle (a, b)× (c, d) ⊆ R2,
we have

α−1((a, b)× (c, d)
)
= f−1((a, b)) ∩ g−1((c, d)) ∈ F

since (by the measurability of f and g) both preimages on the right-hand side belong to F , and
F is closed under finite intersections. The family of open rectangles generates B(R2), hence by
Theorem 3.4, α is measurable.

The maps (x, y) 7→ x+ y, x− y, xy, c · x, x/y are continuous if we consider x/y only on {(x, y) :
y ̸= 0} and, hence, measurable by Corollary 3.5. Thus, by measurability of α, Fact 3.2.(iii) and
Theorem 3.3, the functions f + g, f − g, f · g, c · f and f/g are measurable. □

Remark 3.4. It is convenient to include the special symbols ∞ and −∞ and to work in the
extended real number system R := R ∪ {±∞}. The operations ∞ − ∞, (−∞) + ∞, ∞/∞,
∞/(−∞), (−∞)/∞, (−∞)/(−∞) are not defined. However, by convention, we define 0 ·∞ and
0 · (−∞) to be equal to 0. ◀

Theorem 3.7. Let (Ω,F) be a measurable space and let fi : Ω → R, i ∈ N, be a sequence of
(F ,B(R))-measurable functions. Then,

inf
i∈N

fi and sup
i∈N

fi

are measurable. ◁

Proof. By Theorem 3.4, it suffices to check the preimages of the generator A = {[−∞, r] : r ∈
R} of B(R). Consider the function g(ω) := supi∈N fi(ω). Let r ∈ R. From the definition of the
supremum, we obtain

g−1([−∞, r]) = {ω ∈ Ω : sup
i∈N

fi(ω) ≤ r} =

∞⋂
i=1

{ω ∈ Ω : fi(ω) ≤ r} =

∞⋂
i=1

f−1
i ([−∞, r])

Since each fi is measurable and [−∞, r] ∈ B(R), it follows that f−1
i ([−∞, r]) ∈ F for every i ∈

N. Since the right-hand side is a countable intersection of measurable sets, the left-hand side
is also measurable. Hence g−1([−∞, r]) ∈ F for every r ∈ R. Therefore, by Theorem 3.4, the
supremum supi∈N fi is measurable.

Similarly, for the infimum, we check the preimages of the generator A = {[r,∞] : r ∈ R} of
B(R). Now consider the function g(ω) := infi∈N fi(ω). Let r ∈ R. From the definition of the
infimum, we obtain

g−1([r,∞]) = {ω ∈ Ω : inf
i∈N

fi(ω) ≥ r} =

∞⋂
i=1

{ω ∈ Ω : fi(ω) ≥ r} =

∞⋂
i=1

f−1
i ([r,∞])

Since each fi is measurable and [r,∞] ∈ B(R), it follows that f−1
i ([r,∞]) ∈ F for every i ∈ N.

Since the right-hand side is a countable intersection of measurable sets, the left-hand side is also
measurable. Hence g−1([r,∞]) ∈ F for every r ∈ R. Therefore, by Theorem 3.4, the infimum
infi∈N fi is measurable.

Alternatively, using Theorem 3.6 we could also direcly infer that infi∈N fi(ω) is measurable,
since infi∈N fi(ω) = − supi∈N(−fi(ω)). □
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Recall that for a sequence of real numbers (xn)n∈N, the limit inferior and limit superior may be
written as

lim inf
n→∞

xn = sup
n∈N

inf
k≥n

xk and lim sup
n→∞

xn = inf
n∈N

sup
k≥n

xk (3.2)

respectively, since the sequence of infima is monotonically increasing and the sequence of supre-
ma is monotonically decreasing.

n

xn

lim sup
n→∞

xn

lim inf
n→∞

xn

supk≥n xk

infk≥n xk

Therefore, we may characterize them as follows:

• lim infn→∞ xn is the largest blower ∈ R such that for any ε > 0, there exists N ∈ N such
that xn > blower − ε for all n ≥ N

• lim supn→∞ xn is the smallest bupper ∈ R such that for any ε > 0, there exists N ∈ N such
that xn < bupper + ε for all n ≥ N

• for any sequence (xn)n∈N, we have lim infn→∞ xn ≤ lim supn→∞ xn, with equality when
limn→∞ xn exists

Theorem 3.8. Let fi : Ω → R, i ∈ N, be a sequence of measurable functions. Then, the func-
tions

lim inf
i→∞

fi and lim sup
i→∞

fi

are measurable. Furthermore, if limi→∞ fi(ω) exists for all ω ∈ Ω, then limi→∞ fi is measur-
able. ◁

Proof. From Theorem 3.7 we know that the supremum and infimum of a sequence of measur-
able functions are measurable. By the previous characterization of the limit inferior and limit
superior, it follows that they are measurable. If the pointwise limit of fi exists, then the limit
inferior and limit superior coincide, and hence the limit is measurable as well. □

Exercise 3.5 (Indicators, limsup, and liminf of sets). Let (Ω,F) be a measurable space and
let (An)n∈N be a sequence of sets in F .

(i) Show that
1⋃∞

n=1 An = sup
n∈N

1An , 1⋂∞
n=1 An = inf

n∈N
1An

(ii) Show that
1lim supn→∞ An = lim sup

n→∞
1An , 1lim infn→∞ An = lim inf

n→∞
1An

(iii) Show that
lim sup
n→∞

An, lim inf
n→∞

An

belong to F . ✍

Solution.

(i) We prove both identities pointwise. Fix ω ∈ Ω.

• sup:

• If ω ∈
⋃∞

n=1 An, then ω ∈ An for some n ∈ N. Hence 1An(ω) = 1 for some n ∈ N, so

sup
n∈N

1An(ω) = 1 = 1⋃∞
n=1 An(ω)
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• If ω /∈
⋃∞

n=1 An, then ω /∈ An for all n ∈ N. Hence 1An(ω) = 0 for all n ∈ N, so

sup
n∈N

1An(ω) = 0 = 1⋃∞
n=1 An(ω)

Thus for every ω ∈ Ω,
1⋃∞

n=1 An(ω) = sup
n∈N

1An(ω)

• inf:

• If ω ∈
⋂∞

n=1 An, then ω ∈ An for all n ∈ N. Hence 1An(ω) = 1 for all n ∈ N, so

inf
n∈N

1An(ω) = 1 = 1⋂∞
n=1 An(ω)

• If ω /∈
⋂∞

n=1 An, then ω /∈ An for some n ∈ N. Hence 1An(ω) = 0 for some n ∈ N, so

inf
n∈N

1An(ω) = 0 = 1⋂∞
n=1 An(ω)

Thus for every ω ∈ Ω,
1⋂∞

n=1 An(ω) = inf
n∈N

1An(ω)

Since ω ∈ Ω was arbitrary, both identities follow.

(ii) We again prove both identities pointwise. Fix ω ∈ Ω.

• limsup:

• If ω ∈ lim supn→∞ An, then ω ∈ An for infinitely many n ∈ N. Hence 1An(ω) = 1 for
infinitely many n ∈ N, and therefore

lim sup
n→∞

1An(ω) = 1 = 1lim supn→∞ An(ω)

• If ω /∈ lim supn→∞ An, then ω belongs to only finitely many An. Hence 1An(ω) = 0
for all sufficiently large n, and therefore

lim sup
n→∞

1An(ω) = 0 = 1lim supn→∞ An(ω)

Thus
1lim supn→∞ An(ω) = lim sup

n→∞
1An(ω)

• liminf:

• If ω ∈ lim infn→∞ An, then ω ∈ An for all sufficiently large n. Hence 1An(ω) = 1 for
all sufficiently large n, and therefore

lim inf
n→∞

1An(ω) = 1 = 1lim infn→∞ An(ω)

• If ω /∈ lim infn→∞ An, then ω /∈ An for infinitely many n ∈ N. Hence 1An(ω) = 0 for
infinitely many n ∈ N, and therefore

lim inf
n→∞

1An(ω) = 0 = 1lim infn→∞ An(ω)

Thus
1lim infn→∞ An(ω) = lim inf

n→∞
1An(ω)

Since ω ∈ Ω was arbitrary, both identities follow.

(iii) By Theorem 3.1, each 1An is measurable. Hence, by Theorem 3.8, the functions

lim sup
n→∞

1An , lim inf
n→∞

1An

are measurable. By (ii), this means that

1lim supn→∞ An , 1lim infn→∞ An

are measurable. Moreover, since {1} ∈ B(R), we have

lim sup
n→∞

An = 1−1
lim supn→∞ An

({1}), lim inf
n→∞

An = 1−1
lim infn→∞ An

({1})

so, by Definition 3.1, both sets belong to F . ◀
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Proposition 3.9. Let (Ω,F) be a measurable space and let f : Ω → R be measurable. For
n ∈ N, define the truncation

fn(ω) :=


−n if f(ω) < −n

f(ω) if − n ≤ f(ω) ≤ n

n if f(ω) > n

(a) Show that fn : Ω → R is measurable for every n ∈ N.

(b) Show that |fn(ω)| ≤ n for all ω ∈ Ω.

(c) Show that if f(ω) ∈ R, then fn(ω) → f(ω) as n → ∞.

(d) Describe the behavior of fn(ω) when f(ω) = ∞ and when f(ω) = −∞. ◁

Proof. (a) We employ Theorem 3.4 to check the preimages of the generator

A = {[a, b] : a, b ∈ R, a ≤ b}

of B(R). Let a, b ∈ R with a ≤ b. Since fn(ω) ∈ [−n, n] for every ω ∈ Ω, we have

f−1
n ([a, b]) =



∅ if b < −n or a > n

Ω if a ≤ −n and b ≥ n

f−1([−∞, b]) if a ≤ −n ≤ b < n

f−1([a, b]) if − n < a ≤ b < n

f−1([a,∞]) if − n < a ≤ n ≤ b

In every case, f−1
n ([a, b]) ∈ F because f is (F ,B(R))-measurable. Hence fn is measurable.

(b) By definition of fn, we always have −n ≤ fn(ω) ≤ n. Therefore |fn(ω)| ≤ n for all ω ∈ Ω.

(c) Assume that f(ω) ∈ R. Choose N ∈ N with N ≥ |f(ω)|, e.g. N = ⌈|f(ω)|⌉. Then for ev-
ery n ≥ N we have

−n ≤ f(ω) ≤ n

so by the definition of the truncation, fn(ω) = f(ω) for every n ≥ N . Hence fn(ω) →
f(ω) as n → ∞.

(d) If f(ω) = ∞, then f(ω) > n ∀n ∈ N, hence fn(ω) = n ∀n. Thus fn(ω) → ∞.

If f(ω) = −∞, then f(ω) < −n ∀n ∈ N, hence fn(ω) = −n ∀n. Thus fn(ω) → −∞. □

Finally, we note that for functions of several variables, separate measurability (i.e. while keep-
ing all but one variable fixed) does in general not imply joint measurability. A nice counterex-
ample is the following:

Example 3.6. Let E ⊂ [0, 1] be such that E /∈ B([0, 1]). Define f : [0, 1]2 → R by

f(x, y) :=

{
1 if x = y and x ∈ E

0 otherwise

or equivalently, f(x, y) = 1{(x,x):x∈E}(x, y).

We show first that f is separately measurable, i.e.

• for every fixed x ∈ [0, 1] the function

f(x, ·) : [0, 1] → R, y 7→ f(x, y)

is (B([0, 1]),B(R))-measurable

• for every fixed y ∈ [0, 1] the function

f(·, y) : [0, 1] → R, x 7→ f(x, y)

is (B([0, 1]),B(R))-measurable
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• Fix x ∈ [0, 1] and let B ∈ B(R). Then

{y ∈ [0, 1] : f(x, y) ∈ B} =



{
[0, 1] if 0 ∈ B

∅ if 0 /∈ B
if x /∈ E


[0, 1] if 0, 1 ∈ B

[0, 1] \ {x} if 0 ∈ B, 1 /∈ B

{x} if 0 /∈ B, 1 ∈ B

∅ if 0, 1 /∈ B

if x ∈ E

In every case, this set belongs to B([0, 1]). Hence f(x, ·) : [0, 1] → R is (B([0, 1]),B(R))-
measurable for every fixed x ∈ [0, 1].

• Fix y ∈ [0, 1] and let B ∈ B(R). Then

{x ∈ [0, 1] : f(x, y) ∈ B} =



{
[0, 1] if 0 ∈ B

∅ if 0 /∈ B
if y /∈ E


[0, 1] if 0, 1 ∈ B

[0, 1] \ {y} if 0 ∈ B, 1 /∈ B

{y} if 0 /∈ B, 1 ∈ B

∅ if 0, 1 /∈ B

if y ∈ E

In every case, this set belongs to B([0, 1]). Hence f(·, y) : [0, 1] → R is (B([0, 1]),B(R))-
measurable for every fixed y ∈ [0, 1].

However, f is not jointly measurable, i.e. not (B([0, 1])⊗ B([0, 1]),B(R))-measurable.

Indeed, consider the diagonal map

d : [0, 1] −→ [0, 1]2

x 7−→ d(x) := (x, x)

The function d is continuous, hence (B([0, 1]),B([0, 1]2))-measurable by Corollary 3.5. More-
over, since we have

B([0, 1]2) = B([0, 1])⊗ B([0, 1])

d is also (B([0, 1]),B([0, 1])⊗ B([0, 1]))-measurable.

If f were jointly measurable, i.e. (B([0, 1])⊗ B([0, 1]),B(R))-measurable, then by Theorem 3.3,
the composition

f ◦ d : [0, 1] → R

would be (B([0, 1]),B(R))-measurable. But

(f ◦ d)(x) = f(d(x)) = f(x, x) = 1E(x)

Hence 1E : [0, 1] → R would be (B([0, 1]),B(R))-measurable. By Theorem 3.1, this would imply
E ∈ B([0, 1]), contradicting the choice of E.

Therefore f is separately (B([0, 1]),B(R))-measurable in each variable, but not jointly (B([0, 1])
⊗ B([0, 1]),B(R))-measurable. ◀
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4 Independence

4.1 Independent Random Variables

Let A be an event with probability P(A). If we know that another event B has occurred, we
update our information on A by replacing P(A) with the conditional probability

P(A | B) =
P(A ∩B)

P(B)

provided P(B) > 0. Note that an event may occur and still have probability 0, so this assump-
tion is necessary.

Independence of A and B means that this update has no effect, i.e. P(A | B) = P(A) or equiva-
lently P(A ∩B) = P(A)P(B). Hence, the occurence of B does not change the likelihood of A.

Definition 4.1 (Independence of events). Let (Ω,F ,P) be a probability space. Two events
(see Definition 1.1) A,B ∈ F are independent if P(A ∩B) = P(A)P(B). ◀

Example 4.1.

• always independent: Ω and ∅ are independent of any event A ∈ F , since

P(Ω ∩A) = P(A) = P(Ω)P(A) and P(∅ ∩A) = 0 = P(∅)P(A)

• never independent: if 0 < P(A) < 1, then A and A∁ are not independent, since

P(A ∩A∁) = 0 ̸= P(A)P(A∁) ◀

Definition 4.2 (Independence of random variables). Let (Ω,F ,P) be a probability space and
let X,Y : Ω → R be random variables (see Definition 3.2). We say that X and Y are indepen-
dent if the events {X ∈ A} and {Y ∈ B} are independent for all A,B ∈ B(R), i.e., if

P(X ∈ A, Y ∈ B) = P(X ∈ A)P(Y ∈ B)

for all A,B ∈ B(R). ◀

It is often convenient to rephrase independence in terms of generated σ-algebras.

Definition 4.3. Let (Ω,F ,P) be a probability space and let X : Ω → R be a random variable.
We call

σ(X) := {X−1(B) : B ∈ B(R)} ⊆ F

the σ-algebra generated by X. It encodes the information carried by X. ◀

Definition 4.4. Let (Ω,F ,P) be a probability space and let F1,F2 ⊆ F be two σ-algebras.
We say that F1 and F2 are independent if

P(A1 ∩A2) = P(A1)P(A2)

for all A1 ∈ F1 and A2 ∈ F2. ◀

Theorem 4.1. Two random variables X and Y are independent if and only if the σ-algebras
σ(X) and σ(Y ) are independent. ◁

The independence of random variables is already guaranteed, if they are independent on a semir-
ing (Definition 2.5) generating the Borel σ-algebra (Definition 2.2).

Theorem 4.2. Let (Ω,F ,P) be a probability space and let X,Y : Ω → R be random variables.
Suppose that the Borel σ-algebra B(R) is generated by a semiring S ⊆ 2R, i.e. σ(S) = B(R). If

P(X ∈ A, Y ∈ B) = P(X ∈ A)P(Y ∈ B)

for all A,B ∈ S, then X and Y are independent. ◁

Proof. We start by showing that the product S ×S := {S1 ×S2 : S1, S2 ∈ S} is again a semir-
ing (Definition 2.5):

• ∅ = ∅×∅ ∈ S × S. ✓
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• If A1 ×A2, B1 ×B2 ∈ S × S, then

(A1 ×A2) ∩ (B1 ×B2)
(0.5)
= (A1 ∩B1)× (A2 ∩B2)

and since S is a semiring, A1 ∩B1 ∈ S and A2 ∩B2 ∈ S. Hence (A1 ×A2) ∩ (B1 ×B2) ∈
S × S. ✓

• Let A×B,C ×D ∈ S × S with C ×D ⊆ A×B. If C = ∅ or D = ∅, then C ×D = ∅,
hence

(A×B) \ (C ×D) = A×B ∈ S × S.

Otherwise, choose a0 ∈ C and b0 ∈ D. Then for every a ∈ C we have (a, b0) ∈ C ×D ⊆
A × B, so a ∈ A. Hence C ⊆ A. Similarly, for every b ∈ D we have (a0, b) ∈ C ×D ⊆
A×B, so b ∈ B. Hence D ⊆ B.

Since S is a semiring, there exist pairwise disjoint sets A1, . . . , Am ∈ S and B1, . . . , Bn ∈
S such that

A \ C =

m⊔
i=1

Ai and B \D =

n⊔
j=1

Bj

A

B

C

D

Therefore,

(A×B) \ (C ×D) = ((A \ C)× (B \D)) ⊔ (C × (B \D)) ⊔ ((A \ C)×D)

=

(
m⊔
i=1

n⊔
j=1

(Ai ×Bj)

)
⊔

(
n⊔

j=1

(C ×Bj)

)
⊔

(
m⊔
i=1

(Ai ×D)

)

which is a finite disjoint union of sets in S × S. ✓

Thus S × S is a semiring.

Moreover, we have σ(S ×S) = σ(S)⊗σ(S) = B(R)⊗B(R) = B(R2), where ⊗ denotes the prod-
uct σ-algebra (see Example 1.4):

⊆: Every set S1 × S2 with S1, S2 ∈ S belongs to σ(S)⊗ σ(S), since S ⊆ σ(S). Hence, by the
minimality of the generated σ-algebra (Theorem 1.3), σ(S × S) ⊆ σ(S)⊗ σ(S).

⊇: For the converse inclusion, it is enough to show that A × B ∈ σ(S × S) for all A,B ∈
σ(S), i.e.

{A×B : A,B ∈ σ(S)} ⊆ σ(S × S)

because σ(S)⊗ σ(S) is generated by such rectangles (Example 1.4).

Fix B ∈ S and define
DB := {A ⊆ R : A×B ∈ σ(S × S)}

We show that DB is a σ-algebra:

• First, ∅ ∈ DB , since ∅×B = ∅ ∈ σ(S × S). ✓

• Next, let A ∈ DB . By the countable covering assumption from the σ-finiteness part,
choose Sm ∈ S such that R =

⋃∞
m=1 Sm. Then

R×B =

( ∞⋃
m=1

Sm

)
×B =

∞⋃
m=1

(Sm ×B) ∈ σ(S × S)

because Sm ×B ∈ S × S for all m ∈ N. Since A×B ∈ σ(S × S), we obtain

A∁ ×B = (R \A)×B = (R×B) \ (A×B) ∈ σ(S × S)

and hence A∁ ∈ DB . ✓
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• Finally, if An ∈ DB for all n ∈ N, then( ∞⋃
n=1

An

)
×B =

∞⋃
n=1

(An ×B) ∈ σ(S × S)

so
⋃∞

n=1 An ∈ DB . ✓

Thus DB is a σ-algebra.

Moreover, S ⊆ DB , because A×B ∈ S × S ⊆ σ(S × S) for every A ∈ S.

Therefore, by the minimality of σ(S) (Theorem 1.3), we have σ(S) ⊆ DB .

That means
A×B ∈ σ(S × S)

for all A ∈ σ(S) and all B ∈ S.

⊛

Now fix A ∈ σ(S) and define

DA := {B ⊆ R : A×B ∈ σ(S × S)}

which is again a σ-algebra by the same argument as for DB .

By ⊛, S ⊆ DA: if B ∈ S, then ⊛, applied to the fixed A ∈ σ(S), gives A×B ∈ σ(S × S),
hence B ∈ DA.

Thus, again by the minimality of σ(S) (Theorem 1.3), we get σ(S) ⊆ DA.

Therefore
A×B ∈ σ(S × S)

for all A,B ∈ σ(S).

Hence every generating rectangle of σ(S)⊗ σ(S) belongs to σ(S × S), and so

σ(S)⊗ σ(S) ⊆ σ(S × S)

Since by assumption σ(S) = B(R), we conclude that

σ(S × S) = σ(S)⊗ σ(S) = B(R)⊗ B(R) = B(R2)

as claimed.

We define the set functions µ, µprod : S × S → [0, 1] by

µ(A×B) := P(X ∈ A, Y ∈ B) µprod(A×B) := PX(A)PY (B)

where the image measure PZ is defined as

PZ(C) := (P ◦ Z−1)(C) = P(Z−1(C)) = P(Z ∈ C)

for any random variable Z : Ω → R and any C ∈ B(R) (see Definition 3.4).

By assumption we have µ(A×B) = µprod(A×B) for all A,B ∈ S. Both set functions µ and
µprod satisfy the assumptions of the Carathéodory extension Theorem 2.5:

• µ(∅) = µprod(∅) = 0. ✓

• (i): Let A1 ×B1, . . . , An ×Bn be pairwise disjoint sets in S × S such that their union is
in S × S. We can write

n⊔
k=1

(Ak ×Bk) = A×B

since we know that the union on the left must be in S × S. Then

{ω ∈ Ω : X(ω) ∈ A, Y (ω) ∈ B} = {ω ∈ Ω : X(ω) ∈ A ∧ Y (ω) ∈ B}
= {ω ∈ Ω : (X(ω), Y (ω)) ∈ A×B}

=

{
ω ∈ Ω : (X(ω), Y (ω)) ∈

n⊔
k=1

(Ak ×Bk)

}

=

{
ω ∈ Ω :

n∨
k=1

((X(ω), Y (ω)) ∈ Ak ×Bk)

}
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=

n⊔
k=1

{ω ∈ Ω : (X(ω), Y (ω)) ∈ Ak ×Bk}

where the last union is indeed disjoint, since, for i ̸= j,

{ω ∈ Ω : (X(ω), Y (ω)) ∈ Ai ×Bi} ∩ {ω ∈ Ω : (X(ω), Y (ω)) ∈ Aj ×Bj}
= {ω ∈ Ω : (X(ω), Y (ω)) ∈ Ai ×Bi ∧ (X(ω), Y (ω)) ∈ Aj ×Bj}
= {ω ∈ Ω : (X(ω), Y (ω)) ∈ (Ai ×Bi) ∩ (Aj ×Bj)}
= {ω ∈ Ω : (X(ω), Y (ω)) ∈ ∅}
= ∅

Hence,
µ(A×B) = P ({ω ∈ Ω : X(ω) ∈ A, Y (ω) ∈ B})

= P

(
n⊔

k=1

{ω ∈ Ω : (X(ω), Y (ω)) ∈ Ak ×Bk}

)

=

n∑
k=1

P ({ω ∈ Ω : (X(ω), Y (ω)) ∈ Ak ×Bk})

=

n∑
k=1

P ({ω ∈ Ω : X(ω) ∈ Ak, Y (ω) ∈ Bk})

=

n∑
k=1

µ(Ak ×Bk)

For µprod, let ν := PX ⊗ PY be the product measure (see Example 2.5) on σ(S × S). On
rectangles A×B ∈ S × S, we have by definition

ν(A×B) = PX(A)PY (B) = µprod(A×B)

Since ν is a measure (Definition 1.5), it is σ-additive, hence in particular finitely additive,
hence

µprod(A×B) = ν(A×B)

= ν

(
n⊔

k=1

(Ak ×Bk)

)

=

n∑
k=1

ν(Ak ×Bk)

=

n∑
k=1

µprod(Ak ×Bk)

Thus µprod is additive as well. ✓

• (ii): Let A×B ∈ S × S and (Ai ×Bi)i∈N with Ai ×Bi ∈ S × S for all i be such that

A×B ⊆
∞⋃

k=1

(Ak ×Bk)

For µ, this implies

{ω : X(ω) ∈ A, Y (ω) ∈ B} = {ω : (X(ω), Y (ω)) ∈ A×B}

⊆

{
ω : (X(ω), Y (ω)) ∈

∞⋃
k=1

(Ak ×Bk)

}

=

{
ω :

∞∨
k=1

((X(ω), Y (ω)) ∈ Ak ×Bk)

}

=

∞⋃
k=1

{ω : (X(ω), Y (ω)) ∈ Ak ×Bk}

=

∞⋃
k=1

{ω : X(ω) ∈ Ak, Y (ω) ∈ Bk}
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Hence, by the σ-subadditivity of the probability measure P,

µ(A×B) = P(X ∈ A, Y ∈ B)

(1.3)
≤ P

( ∞⋃
k=1

{X ∈ Ak, Y ∈ Bk}

)
(1.5)
≤

∞∑
k=1

P(X ∈ Ak, Y ∈ Bk)

=

∞∑
k=1

µ(Ak ×Bk)

Thus µ is σ-subadditive.

For µprod, we again use ν := PX ⊗ PY . Since ν is a measure and µprod = ν on rectangles
in S × S, we obtain

µprod(A×B) = ν(A×B)

(1.3)
≤ ν

( ∞⋃
k=1

(Ak ×Bk)

)
(1.5)
≤

∞∑
k=1

ν(Ak ×Bk)

=

∞∑
k=1

µprod(Ak ×Bk)

Thus µprod is σ-subadditive as well. ✓

• (iii): For simplicity3, assume the semiring S covers R, i.e.

R =

∞⋃
m=1

Sm

for some (Sm)m∈N with Sm ∈ S for all m. Hence

R2 = R× R =

( ∞⋃
m=1

Sm

)
×

( ∞⋃
n=1

Sn

)
=

∞⋃
m=1

∞⋃
n=1

(Sm × Sn)

and since N× N is countable, this is a countable cover of R2 by sets in S × S.

Moreover, for every m,n ∈ N,

0 ≤ µ(Sm × Sn) = P(X ∈ Sm, Y ∈ Sn) ≤ 1

and
0 ≤ µprod(Sm × Sn) = PX(Sm)PY (Sn) ≤ 1

Thus each covering set has finite µ- and µprod-mass. Therefore both µ and µprod are σ-
finite. ✓

Therefore, by Theorem 2.5, the extensions µ̃, µ̃prod of µ, µprod to σ(S × S) are unique.

We conclude
P(X ∈ A, Y ∈ B) = µ̃(A×B) = µ̃prod(A×B) = PX(A)PY (B)

for all A,B ∈ B(R), because A × B ∈ B(R2) = σ(S × S) and both extensions agree on all of
σ(S × S) by uniqueness. Hence X and Y are independent. □

Corollary 4.3. Let (Ω,F ,P) be a probability space and let X,Y : Ω → R be random vari-
ables. We define FX,Y (x, y) := P(X ≤ x, Y ≤ y), FX(x) := P(X ≤ x), FY (y) := P(Y ≤ y).
Then X and Y are independent if and only if

FX,Y (x, y) = FX(x)FY (y)

for all x, y ∈ R. ◁

3for our proof strategy via semirings, it is necessary
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Example 4.2 (Independent Gaussian random variables). It is well known that two zero-mean
Gaussian random variables X and Y with zero correlation are independent. Without loss of
generality, let us assume that X and Y have zero mean. By “zero correlation”, we mean that
E[XY ] = 0. We have

FX,Y (x, y) =

∫ x

−∞

∫ y

−∞
fX,Y (x, y) dx dy

with the density

fX,Y (x, y) =
1

2πσxσy
exp

(
− x2

2σ2
x

− y2

2σ2
y

)
This density can be factorized into the product of two Gaussian densities

fX,Y (x, y) =

(
1√
2πσx

e−x2/(2σ2
x)

)(
1√
2πσy

e−y2/(2σ2
y)

)
=: fX(x)fY (y)

Therefore, we have

FX,Y (x, y) =

∫ x

−∞

∫ y

−∞
fX,Y (x, y) dx dy =

∫ x

−∞

∫ y

−∞
fX(x)fY (y) dxdy

=

∫ x

−∞
fX(x) dx

∫ y

−∞
fY (y) dy = FX(x)FY (y)

which shows by Corollary 4.3 that X and Y are independent.

While uncorrelatedness is necessary for independence, it is a much weaker condition in general.
When the joint probability distribution is not Gaussian, two random variables can be uncorre-
lated while still not being independent. ◀

An important property of independence is that it is stable under measurable transformations.

Theorem 4.4 (Independence under measurable transformations). Let X,Y : Ω → R be inde-
pendent random variables (Definition 3.2). Let f, g : R → R be (B(R),B(R))-measurable func-
tions (Definition 3.1). Then f(X) and g(Y ) are independent random variables. ◁

Proof. By Theorem 3.3, the functions f(X) and g(Y ) are measurable, hence random vari-
ables. To prove that they are independent, it suffices, according to Definition 4.2, to show that
for any two sets A,B ∈ B(R), the events {f(X) ∈ A} and {g(Y ) ∈ B} are independent.

Since f and g are measurable, f−1(A) and g−1(B) are Borel sets. We note that, by Fact 3.2.(iii),

{h(Z) ∈ C} = (h ◦ Z)−1(C) = Z−1(h−1(C)) = {Z ∈ h−1(C)}

and hence {f(X) ∈ A} = {X ∈ f−1(A)} and {g(Y ) ∈ B} = {Y ∈ g−1(B)}. By the inde-
pendence of X and Y , the events {X ∈ f−1(A)} and {Y ∈ g−1(B)} are independent. Thus
{f(X) ∈ A} and {g(Y ) ∈ B} are independent. □

Exercise 4.3 (Independence under derived observables). Let (Ω,F ,P) be a probability space
and let X,Y : Ω → R be independent random variables, i.e. X ⊥ Y (Definition 4.2).

(a) Let Z : Ω → R be a random variable and h : R → R be a measurable function (Defini-
tion 3.1). Show that

σ(h(Z)) ⊆ σ(Z)

(b) Let f, g : R → R be measurable functions. Deduce from the independence of σ(X) and
σ(Y ) that f(X) and g(Y ) are independent.

(c) Let A,B ∈ B(R). Show that the Bernoulli random variables

U := 1{X∈A}, V := 1{Y ∈B}

are independent. ✍
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Solution.

(a) Let C ∈ σ(h(Z)). Then, by Definition 4.3, there exists D ∈ B(R) such that

C = (h(Z))−1(D)

By Fact 3.2.(iii),
(h(Z))−1(D) = (h ◦ Z)−1(D) = Z−1(h−1(D))

Since h is measurable,
E := h−1(D) ∈ B(R)

Thus, we can write
C = Z−1(h−1(D)) = Z−1(E)

with E ∈ B(R). Hence C ∈ σ(Z). Since C ∈ σ(h(Z)) was arbitrary, we conclude that

σ(h(Z)) ⊆ σ(Z)

(b) Since X ⊥ Y , by Theorem 4.1, σ(X) and σ(Y ) are independent in the sense of Defini-
tion 4.4, i.e.

P(A1 ∩A2) = P(A1)P(A2)

for all A1 ∈ σ(X) and A2 ∈ σ(Y ). By (a),

σ(f(X)) ⊆ σ(X), σ(g(Y )) ⊆ σ(Y )

and thus the same holds for all A1 ∈ σ(f(X)) and A2 ∈ σ(g(Y )). Hence, σ(f(X)) and
σ(g(Y )) are independent in the sense of Definition 4.4, and thus, again by Theorem 4.1,
f(X) and g(Y ) are independent.

(c) Denote
f := 1A, g := 1B

Since A,B ∈ B(R), the functions f, g : R → R are measurable by Theorem 3.1. Moreover,

U = 1{X∈A} = 1A(X) = f(X), V = 1{Y ∈B} = 1B(Y ) = g(Y )

Indeed, for every ω ∈ Ω,

U(ω) = 1{X∈A}(ω) = 1A(X(ω)), V (ω) = 1{Y ∈B}(ω) = 1B(Y (ω))

Since X ⊥ Y , by (b), f(X) and g(Y ) are independent. Hence, U ⊥ V . ◀

Remark 4.4. Theorem 4.4 particularly applies to continuous and piecewise continuous func-
tions and directly extends to random vectors. ◀

We close this section by considering independence of infinitely many random variables.

Definition 4.5. Let (Ω,F ,P) be a probability space and let I be an arbitrary index set.

(i) A family of events (Ai)i∈I , where Ai ∈ F is independent if

P

(⋂
i∈J

Ai

)
=
∏
i∈J

P(Ai) (4.1)

for all finite subsets J ⊆ I.

(ii) A family (Ai)i∈I , where Ai ⊆ F , is independent if the family of events (Ai)i∈I is inde-
pendent for every choice of Ai ∈ Ai. ◀

Remark 4.5. An independent family of events (Ai)i∈I ⊆ F in particular is pairwise indepen-
dent, i.e. Ai ⊥ Aj for i ̸= j. The contrary is usually not true. ◀

Example 4.6. We roll a fair die twice and consider the following events:

• A1: the first roll shows an odd number

• A2: the second roll shows an odd number

• A3: the sum of the dice is odd, i.e. A3 = A1 △ A2
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Then, A1 ⊥ A2, A1 ⊥ A3, A2 ⊥ A3, i.e. the events are pairwise independent. However,

0 = P(∅) = P(A1 ∩A2 ∩A3) ̸= P(A1)P(A2)P(A3)

i.e. the family A1, A2, A3 is not independent in the sense of Definition 4.5 (i). ◀

Definition 4.6. Let (Ω,F ,P) be a probability space and let I be an arbitrary index set. The
family (Xi)i∈I of random variables is independent if the family of (σ(Xi))i∈I is independent.

◀

Finally, we remark that it is indeed sufficient to consider only finite intersections of events to
define independence. Let (Ai)i∈N be a sequence of events such that any finite subfamily is inde-
pendent, and let

Bk :=

k⋂
i=1

Ai

Then (Bk)k∈N is a decreasing sequence with
⋂∞

i=1 Ai =
⋂∞

k=1 Bk. By continuity of P from above
(Theorem 1.11), we have

P

( ∞⋂
i=1

Ai

)
= P

( ∞⋂
k=1

Bk

)
= lim

k→∞
P(Bk)

Since A1, . . . , Ak are independent, we obtain

P(Bk) = P

(
k⋂

i=1

Ai

)
=

k∏
i=1

P(Ai)

and hence

P

( ∞⋂
i=1

Ai

)
= lim

k→∞
P(Bk) = lim

k→∞

k∏
i=1

P(Ai) =

∞∏
i=1

P(Ai)

4.2 Borel-Cantelli lemmas

describe when events occur infinitely often.

Theorem 4.5. Let (Ω,F ,P) be a probability space and (An)n∈N, An ∈ F , be a sequence of
events. Then ∞∑

i=1

P(Ai) < ∞ =⇒ P
(
lim sup
i→∞

Ai

)
= 0

◁

Proof. We have

lim sup
i→∞

Ai =

∞⋂
k=1

∞⋃
j=k

Aj =

∞⋂
k=1

Bk

with Bk :=
⋃∞

j=k Aj for k ∈ N. Since (Bk)k∈N is a decreasing sequence of events, we have

P
(
lim sup
i→∞

Ai

)
= P

( ∞⋂
k=1

Bk

)
= lim

k→∞
P(Bk)

by continuity of P from above (Theorem 1.11). On the other hand, by the σ-subadditivity of P
(Theorem 1.9), we have

P(Bk) = P

( ∞⋃
j=k

Aj

)
≤

∞∑
j=k

P(Aj)

and since the series
∑∞

i=1 P(Ai) converges, the tail
∑∞

j=k P(Aj) must go to zero as k → ∞. This
implies P(Bk) → 0 as k → ∞, which yields P (lim supi→∞ Ai) = 0. □

Theorem 4.6. Let (Ω,F ,P) be a probability space and (An)n∈N, An ∈ F , be a sequence of
events that are independent in the sense of Definition 4.5 (i). Then

∞∑
i=1

P(Ai) = ∞ =⇒ P
(
lim sup
i→∞

Ai

)
= 1

◁
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Proof. We consider (
lim sup
i→∞

Ai

)∁

=

( ∞⋂
k=1

∞⋃
j=k

Aj

)∁
(0.7,0.8)

=

∞⋃
k=1

∞⋂
j=k

A∁
j

and show that

P

( ∞⋃
k=1

∞⋂
j=k

A∁
j

)
= 0

By Theorem 1.9, it suffices to prove that P(
⋂∞

j=k A
∁
j) = 0 for all k ∈ N.

We use the inequality 1 − x ≤ e−x, which holds for all x ∈ R. Fix k ∈ N and let k < m ∈ N.
We have

P

(
m⋂

j=k

A∁
j

)
(4.1)
=

m∏
j=k

P
(
A∁

j

)
=

m∏
j=k

(1− P(Aj)) ≤
m∏

j=k

e−P(Aj) = e−
∑m

j=k P(Aj)

where we used the fact that independence is preserved under taking complements.

Since
∑∞

i=1 P(Ai) = ∞, the tail
∑m

j=k P(Aj) must go to infinity as m → ∞ and hence

e−
∑m

j=k P(Aj) → 0

as m → ∞. By continuity of P from above (Theorem 1.11), we have

P

( ∞⋂
j=k

A∁
j

)
= lim

m→∞
P

(
m⋂

j=k

A∁
j

)
≤ lim

m→∞
e−

∑m
j=k P(Aj) = 0

for all k ∈ N. □

Example 4.7 (Monkey typing Shakespeare). Let A be a finite alphabet and w = a1 · · · an a
fixed word of length n with ai ∈ A for all i. Consider an infinite random string (Xi)i∈N where
the Xi are independent and uniformly distributed on A. Then, with probability 1, the word w
appears infinitely often as a consecutive block in the infinite string.

To see this, partition the infinite string into infinitely many disjoint blocks of length n. For
k ∈ N, let Ak be the event that the k-th block (i.e. the positions (k − 1)n+ 1, . . . , kn) is ex-
actly equal to the word w. Since the blocks do not overlap, the events (Ak)k≥1 are indepen-
dent. Moreover,

P(Ak) =

n∏
i=1

P(X(k−1)n+i = ai) =

(
1

|A|

)n

> 0

for every k ∈ N. Hence
∞∑

k=1

P(Ak) =

∞∑
k=1

(
1

|A|

)n

= ∞

By Theorem 4.6, this implies

P
(
lim sup
k→∞

Ak

)
= 1

Thus infinitely many of the blocks are equal to w with probability 1. In particular, the word w
appears at least once in the infinite string in n consecutive positions with probability 1.

Let w be the complete works of Shakespeare and consider a monkey randomly typing on a type-
writer one character at a time. Theorem 4.6 then states that, given infinite time, the monkey
will reproduce the works of Shakespeare infinitely often with probability 1. ◀

Combining Theorem 4.5 and Theorem 4.6 yields Kolmogorov’s zero-one law for independent
events.

Theorem 4.7. Let (Ω,F ,P) be a probability space and let (An)n∈N be a sequence of inde-
pendent events. Then

P
(
lim sup
i→∞

Ai

)
=

{
1 if

∑∞
i=1 P(Ai) = ∞

0 if
∑∞

i=1 P(Ai) < ∞ ◁

Similarly to Definition 4.3, we can define the σ-algebra generated by a collection of random
variables:
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Definition 4.7. Let (Ω,F ,P) be a probability space and let {Xi : i ∈ I} be a collection of
random variables, where I is an arbitrary, possibly countably or uncountably infinite index set.
We call

σ({Xi : i ∈ I}) := σ
(
{X−1

i (B) : i ∈ I,B ∈ B(R)}
)
⊆ F

the σ-algebra generated by {Xi : i ∈ I}, sometimes abbreviated σ(Xi : i ∈ I). ◀

Remark 4.8. Unlike for single random variables (Definition 4.3), the outer σ(·) is necessary
here because the collection

{X−1
i (B) : i ∈ I, B ∈ B(R)}

is generally not a σ-algebra itself: it contains events depending on one random variable at a
time, but not necessarily events involving several random variables simultaneously. In contrast,
for a single random variable X, the collection

{X−1(B) : B ∈ B(R)}

is already a σ-algebra, since, by Fact 3.2, preimages preserve the set operations required for a
σ-algebra (Definition 1.3). ◀

Exercise 4.9 (Borel–Cantelli and almost sure behavior of maxima). Let (Xn)n∈N be indepen-
dent real-valued random variables on (Ω,F ,P). Assume that

P(Xn > n) =
1

n2

for all n ∈ N. Define
Mn := max{X1, . . . , Xn}

for n ∈ N.

(a) Show that the event
A := {ω ∈ Ω : Xn(ω) > n i.o.}

has probability zero.

(b) Show that, with probability one, there exists N(ω) such that

Xn(ω) ≤ n

for all n ≥ N(ω).

(c) Show that, P-almost surely,
Mn

n
≤ 1

eventually.

(d) Interpret this result in terms of the growth of the sequence (Xn)n∈N. ✍

Solution.

(a) Define the events
An := {ω ∈ Ω : Xn(ω) > n}

for n ∈ N. Then

A = lim sup
n→∞

An =

∞⋂
k=1

∞⋃
n=k

An

By assumption,

P(An) = P(Xn > n) =
1

n2

Hence ∞∑
n=1

P(An) =

∞∑
n=1

1

n2
= ζ(2) =

π2

6
< ∞

where ζ(x) :=
∑∞

n=1 n
−x is the Riemann zeta function, defined for x > 1. Thus, by Theo-

rem 4.5,

P(A) = P
(
lim sup
n→∞

An

)
= 0
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(b) Observe that

A∁ = {ω ∈ Ω : Xn(ω) > n only finitely often}
= {ω ∈ Ω : Xn(ω) ≤ n eventually}
= {ω ∈ Ω : ∃N(ω) ∈ N such that Xn(ω) ≤ n for all n ≥ N(ω)}

From (a), we know that P(A) = 0, hence

P(A∁) = 1− P(A) = 1

Therefore, for almost every ω ∈ Ω, there exists N(ω) such that for all n ≥ N(ω),

Xn(ω) ≤ n

(c) Fix ω ∈ A∁. By (b), there exists N(ω) ∈ N such that for all n ≥ N(ω),

Xn(ω) ≤ n

Since the random variables are real-valued, i.e. −∞ < Xi(ω) < ∞ for all i ∈ N, define

C(ω) := max{0, X1(ω), . . . , XN(ω)−1(ω)}

and
m(ω) := max{N(ω), ⌈C(ω)⌉}

Then, for every n ≥ m(ω), we have

• Xi(ω) ≤ C(ω) ≤ n for all i ∈ {1, . . . , N(ω)− 1}

• Xi(ω) ≤ i ≤ n for all i ∈ {N(ω), . . . , n}

Hence

Mn(ω) = max
1≤i≤n

Xi(ω) = max{X1(ω), . . . , XN(ω)−1(ω)︸ ︷︷ ︸
≤C(ω)≤n

, XN(ω)(ω), . . . , Xn(ω)︸ ︷︷ ︸
≤n

} ≤ n

for all n ≥ m(ω). Therefore
Mn(ω)

n
≤ 1

for all n ≥ m(ω). Since P(A∁) = 1, we conclude that

Mn

n
≤ 1

eventually P-almost surely.

(d) The running maximum Mn grows no faster than linearly, almost surely. More precisely,
with probability one, there exists m(ω) ∈ N such that

Mn(ω) ≤ n

for all n ≥ m(ω). Equivalently, the sequence (Xn)n∈N exceeds the linear threshold n only
finitely often. ◀

Exercise 4.10 (Infinitely many successes). Let (Xn)n∈N be independent Bernoulli random
variables with

P(Xn = 1) = p P(Xn = 0) = 1− p p ∈ (0, 1)

Consider the event

A := {ω ∈ Ω : Xn(ω) = 1 for infinitely many n ∈ N}

(a) Show that A belongs to the tail σ-algebra

T :=

∞⋂
N=1

σ({Xn : n ≥ N})

(b) Deduce that P(A) ∈ {0, 1}

(c) Show that P(A) = 1 ✍
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Solution.

(a) Define An := {ω ∈ Ω : Xn(ω) = 1} for n ∈ N. We have

A = lim sup
n→∞

An =

∞⋂
k=1

∞⋃
n=k

An =

∞⋂
k=N

∞⋃
n=k

An

for any fixed N ∈ N, since removing finitely many initial events does not change the event
that Ak occurs for infinitely many k.

Next, we define
TN := σ({Xn : n ≥ N})

for N ∈ N. Obviously, An ∈ TN for all n ≥ N . Since TN is closed under countable unions,
we have ∞⋃

n=k

An ∈ TN

for all k ≥ N . Hence, for any fixed N ∈ N, we also have

A =

∞⋂
k=N

∞⋃
n=k

An ∈ TN

since TN is closed under countable intersections. Since this holds for all N ∈ N, we have

A ∈
∞⋂

N=1

TN = T

(b) Since the Xn are independent random variables, the An = X−1
n ({1}) ∈ σ(Xn) are inde-

pendent events. Since
A = lim sup

n→∞
An

we have by Theorem 4.7 that P(A) ∈ {0, 1}.

(c) We show that the value is in fact 1. Consider the complement

A∁ = {ω ∈ Ω : Xn(ω) = 0 eventually} =

∞⋃
N=1

∞⋂
n=N

{Xn = 0}

For fixed N ∈ N, define

BN :=

∞⋂
n=N

{Xn = 0}

and, for m ≥ N ,

BN,m :=

m⋂
n=N

{Xn = 0}

Then (BN,m)m≥N is a decreasing sequence of events with

BN =

∞⋂
m=N

BN,m

By continuity of P from above (Theorem 1.11), we obtain

P(BN ) = lim
m→∞

P(BN,m)

Using the independence of the random variables Xn, we get

P(BN,m) = P

(
m⋂

n=N

{Xn = 0}

)
(4.1)
=

m∏
n=N

P(Xn = 0) = (1− p)m−N+1

Since 0 < 1− p < 1, it follows that

P(BN ) = lim
m→∞

(1− p)m−N+1 = 0

for every N ∈ N. Hence, by countable subadditivity (Theorem 1.9),

P(A∁) = P

( ∞⋃
N=1

BN

)
(1.5)
≤

∞∑
N=1

P(BN ) = 0
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Thus P(A∁) = 0, and therefore P(A) = 1.

Alternatively, this follows immediately from Theorem 4.6. The events An = {Xn = 1} are
independent and

P(An) = P(Xn = 1) = p ∈ (0, 1)

for all n ∈ N. Thus,
∞∑

n=1

P(An) =

∞∑
n=1

p = ∞

and hence, by Theorem 4.6, we obtain P(A) = 1. ◀
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5 The integral

5.1 Construction of the integral

The construction a general measure integral is performed in the following steps:

1. Definition 5.1: Construction for indicator functions

2. Definition 5.2: Construction for non-negative simple functions

3. Definition 5.3: Construction for non-negative measurable functions

4. Definition 5.4: Construction for integrable functions

Throughout this section, let (Ω,F , µ) be a measure space.

Definition 5.1 (Step 1). Let f := 1A with A ∈ F . We define∫
f dµ := µ(A) (5.1)

◀

Next, we consider non-negative simple functions

f :=

m∑
i=1

αi1Ai (5.2)

where α1, . . . , αm ≥ 0 and A1, . . . , Am ∈ F with Ω =
⋃m

i=1 Ai. Without loss of generality, we
assume Ai ∩Aj = ∅ for i ̸= j. As the representation of f in (5.2) is not unique, we require the
following lemma, to be able to define an integral in a sensible way.

Lemma 5.1. Let f be a non-negative simple function and suppose

f =

m∑
i=1

αi1Ai =

n∑
j=1

βj1Bj

Then, there holds
m∑
i=1

αiµ(Ai) =

n∑
j=1

βjµ(Bj)

◁

Proof. By definition of f , there holds

µ(Ai) =

n∑
j=1

µ(Ai ∩Bj) i = 1, . . . ,m

as well as

µ(Bj) =

m∑
i=1

µ(Ai ∩Bj) j = 1, . . . , n

Furthermore, we observe that αi = βj , whenever µ(Ai ∩Bj) > 0. Hence, we immediately obtain

m∑
i=1

αiµ(Ai) =

m∑
i=1

n∑
j=1

αiµ(Ai ∩Bj) =

n∑
j=1

m∑
i=1

βjµ(Ai ∩Bj) =

n∑
j=1

βjµ(Bj)

□

Definition 5.2 (Step 2). Let f =
∑m

i=1 αi1Ai be a non-negative simple function. We define∫
f dµ :=

m∑
i=1

αiµ(Ai) (5.3)
◀

The integral derived in the previous definition has the following elementary properties.

Lemma 5.2. Let f, g be non-negative simple functions and let a ∈ [0,∞). There holds

(i)
∫
(f + g) dµ =

∫
f dµ+

∫
g dµ

(ii)
∫
(af) dµ = a

∫
f dµ

(iii) f ≤ g (pointwise) implies
∫
f dµ ≤

∫
g dµ ◁
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Proof. (i) Let f =
∑m

i=1 αi1Ai , g =
∑n

j=1 βj1Bj . Since A1, . . . , Am as well as B1, . . . , Bn

are disjoint partitions of Ω, we can write

f =

m∑
i=1

n∑
j=1

αi1Ai∩Bj g =

m∑
i=1

n∑
j=1

βj1Ai∩Bj

Hence, we have the representation

f + g =

m∑
i=1

n∑
j=1

(αi + βj)1Ai∩Bj

implying
∫

(f + g) dµ =
m∑

i=1

n∑

j=1

(αi + βj)µ(Ai ∩Bj) =
m∑

i=1

n∑

j=1

αiµ(Ai ∩Bj) +
m∑

i=1

n∑

j=1

βjµ(Ai ∩Bj) =

∫
f dµ+

∫
g dµ

(ii) Follows directly from the definition of the integral and the linearity of the sum. Indeed, if
f =

∑m
i=1 αi1Ai , then af = a

∑m
i=1 αi1Ai =

∑m
i=1 aαi1Ai , and hence∫

af dµ =

m∑
i=1

aαiµ(Ai) = a

m∑
i=1

αiµ(Ai) = a

∫
f dµ

(iii) Let f, g be represented as in (i). Then, there holds αi ≤ βj whenever µ(Ai ∩Bj) > 0. We
obtain ∫

f dµ =

m∑
i=1

n∑
j=1

αiµ(Ai ∩Bj) ≤
m∑
i=1

n∑
j=1

βjµ(Ai ∩Bj) =

∫
g dµ

as claimed. □

To define the integral for non-negative measurable functions, we require the following approxi-
mation property.

Lemma 5.3. Let f : Ω → [0,∞] be measurable (Definition 3.1). Then

(i) there exists a monotonically increasing sequence (fn)n∈N of non-negative simple functions
such that fn → f

(ii) there exist measurable sets A1, A2, . . . ∈ F and numbers α1, α2, . . . ≥ 0 such that

f =

∞∑
n=1

αn1An

◁

x
−2 −1 0 1 2
0

1

2

3

4

f0

f1

f2

f3

f(x) = x2

Proof. (i) For n ∈ N0, define fn = min
{
2−n⌊2nf⌋, n

}
. The function fn is measurable and

assumes at most n2n + 1 (finitely many) different values; 0, 2−n, 2 · 2−n, 3 · 2−n, . . . , n.
Hence it is a simple function. Clearly, fn(ω) ≤ f(ω) for all ω ∈ Ω. Moreover, the sequence
fn is monotonically increasing and converging to f .
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(ii) Let fn be as in (i). Since the sequence (fn)n∈N0 is monotonically increasing, the functions
fn − fn−1 are non-negative for every n ∈ N. Moreover, since fn and fn−1 are simple func-
tions, also fn − fn−1 is a non-negative simple function. Set

Bn,i := {ω ∈ Ω : fn(ω)− fn−1(ω) = i2−n} and βn,i := i2−n

for n ∈ N and i = 1, . . . , 2n. Since fn − fn−1 is measurable, all sets Bn,i are measurable.
Furthermore, the sets Bn,i describe the non-zero level sets of fn − fn−1. For every fixed
n ∈ N, the refinement from fn−1 to fn can increase the value by at most 1, and the possi-
ble increments are multiples of 2−n. So the possible non-zero values of fn − fn−1 are con-
tained in 2−n, 2 · 2−n, 3 · 2−n, . . . , 1. The zero level is omitted, since it does not contribute
to the sum. Hence

fn − fn−1 =

2n∑
i=1

βn,i1Bn,i

for every n ∈ N. By changing the numeration (n, i) 7→ m, we get (αm)m∈N and (Am)m∈N
such that

f
(0.1)
= f0 +

∞∑
n=1

(fn − fn−1) =

∞∑
n=1

2n∑
i=1

βn,i1Bn,i =

∞∑
m=1

αm1Am

□

Similarly to the case of simple functions (Lemma 5.1), we need to show that the integral is in-
dependent of the approximating sequence.

Lemma 5.4. Let (un)n∈N and (vm)m∈N be monotonically increasing sequences of non-negative
simple functions. Then, if supn∈N un = supm∈N vm, there holds

sup
n∈N

∫
un dµ = sup

m∈N

∫
vm dµ

◁

Proof. Let vm =
∑km

j=1 αm,j1Am,j and define the sets Bs
n,m := {un ≥ svm} ∈ F , s ∈ R. Since

un and vm are measurable, we have Bs
n,m ∈ F . Moreover, since (un)n∈N is monotonically in-

creasing, the sets Bs
n,m are monotonically increasing in n as well. Indeed, if ω ∈ Bs

n,m, then
un(ω) ≥ svm(ω) and un+1(ω) ≥ un(ω), hence ω ∈ Bs

n+1,m.

For s ∈ (0, 1), we have due to supn∈N un ≥ vm that
⋃∞

n=1 B
s
n,m = Ω. Consequently, for every

j = 1, . . . , km, we have

Am,j ∩
∞⋃

n=1

Bs
n,m = Am,j

and therefore, since Am,j ∩Bs
n,m is increasing in n, continuity from below (Theorem 1.10) gives

lim
n→∞

µ(Am,j ∩Bs
n,m)

(1.6)
= µ

( ∞⋃
n=1

(Am,j ∩Bs
n,m)

)
= µ

(
Am,j ∩

∞⋃
n=1

Bs
n,m

)
= µ(Am,j) (5.4)

By construction, we have un ≥ svm1Bs
n,m

, since, on Bs
n,m this is exactly the inequality un ≥

svm, and outside Bs
n,m the right hand side is zero. Moreover, svm1Bs

n,m
is a non-negative sim-

ple function (5.2), since

svm1Bs
n,m

= s

km∑
j=1

αm,j1Am,j1Bs
n,m

=

km∑
j=1

sαm,j1Am,j∩Bs
n,m

Hence, by Lemma 5.2,∫
un dµ

(iii)
≥
∫

svm1Bs
n,m

dµ
(ii)
= s

∫
vm1Bs

n,m
dµ

(5.2)
= s

km∑
j=1

αm,jµ(Am,j ∩Bs
n,m)

Taking the supremum over n yields

sup
n∈N

∫
un dµ ≥ s sup

n∈N

km∑
j=1

αm,jµ(Am,j ∩Bs
n,m) = s lim

n→∞

km∑
j=1

αm,jµ(Am,j ∩Bs
n,m)

= s

km∑
j=1

αm,j lim
n→∞

µ(Am,j ∩Bs
n,m)

(5.4)
= s

km∑
j=1

αm,jµ(Am,j) = s

∫
vm dµ

where we used the fact that the sequence inside the supremum is increasing in n (hence the
limit and the supremum are equal), and since the sum is finite, we could pass the limit through
the sum. Letting s ↗ 1 and taking the supremum over m ∈ N yields the claim. The opposite
inequality is obtained analogously, by exchanging the roles of (un)n∈N and (vm)m∈N. □

50



5 The integral

Definition 5.3 (Step 3). Let f : Ω → [0,∞] be measurable and let (fn)n∈N be a monotoni-
cally increasing sequence of non-negative simple functions with f = supn∈N fn. We define∫

f dµ := sup
n∈N

∫
fn dµ (5.5)

◀

The properties from Step 2 directly transfer to Step 3.

Lemma 5.5. Let f, g : Ω → [0,∞] be measurable and let a ∈ [0,∞). There holds

(i)
∫
(f + g) dµ =

∫
f dµ+

∫
g dµ

(ii)
∫
(af) dµ = a

∫
f dµ

(iii) f ≤ g (pointwise) implies
∫
f dµ ≤

∫
g dµ ◁

By splitting a given measurable function f : Ω → [−∞,∞] into its positive part

f+ := sup{f, 0}
and its negative part

f− := sup{−f, 0}
we arrive at the final step.

Definition 5.4 (Step 4). A measurable function f : Ω → [−∞,∞] is called µ-integrable if∫
|f |dµ =

∫
f+ dµ+

∫
f− dµ < ∞

If either of the terms on the right hand side is bounded, we define the µ-integral of f according
to ∫

f dµ :=

∫
f+ dµ−

∫
f− dµ ∈ [−∞,∞] (5.6)

Finally, for A ∈ F , we define the integral of f over A by∫
A

f dµ :=

∫
f · 1A dµ (5.7)

◀

Lemma 5.6. For integrable functions f, g, there holds

(i) f ≤ g µ-almost everywhere implies
∫
f dµ ≤

∫
g dµ

(ii) f = g µ-almost everywhere implies
∫
f dµ =

∫
g dµ

(iii)
∫
|f |dµ < ∞ implies |f | < ∞ µ-almost everywhere ◁

Example 5.1.

1. For (Ω,F , µ) = (Rd,B(Rd), λd), we denote the Lebesgue integral by∫
Rd

f(x) dx :=

∫
Rd

f dλd (5.8)

More generally, for A ∈ B(Rd), we write∫
A

f(x) dx :=

∫
A

f dλd (5.9)

In case d = 1 and A = (a, b) or A = [a, b], we also write∫ b

a

f(x) dx :=

∫
A

f dλ1 (5.10)

2. For (Ω,F , µ) = (R,B(R), µF ) with the Stieltjes measure µF (Example 2.8), we denote the
Stieltjes integral by ∫

Ω

g(x) dF (x) :=

∫
Ω

g dµF

If F ∈ C1(R) with F ′ = f , there holds∫
Ω

g(x) dF (x) =

∫
Ω

g(x)f(x) dx

3. If Ω is countable, F = 2Ω and µ =
∑

ω∈Ω δω is the counting measure (Definition 1.6), then
there holds ∫

f dµ =
∑
ω∈Ω

f(ω) (5.11)
◀

51



5 The integral

Definition 5.5. L1(Ω,F , µ) denotes the set of all real-valued µ-integrable functions. ◀

Lemma 5.7. The set L1(Ω,F , µ) together with the usual addition and scalar multiplication
of functions is a real vector space. Moreover, the mapping f 7→

∫
f dµ is a continuous linear

form on L1(Ω,F , µ). ◁

For random variables, the linear form defined earlier amounts to the expectation.

Definition 5.6. Let (Ω,F ,P) be a probability space and let X ∈ L1(Ω,F ,P). The expecta-
tion of X is defined as

E[X] :=

∫
Ω

X dP (5.12)
◀

Example 5.2. We consider infinitely many rolls of a fair die. Let D := {1, 2, 3, 4, 5, 6} with
σ-algebra 2D and probability measure PD given by PD({k}) = 1

6
for k ∈ D. Set Ω := DN and

for each i ∈ N define the coordinate maps Xi : Ω → D,

ω 7→ Xi(ω) := ωi =
∑
k∈D

k 1
X−1

i ({k})(ω)

We define the σ-algebra
F := σ

(
X−1

i (A) : i ∈ N, A ∈ 2D
)

which is the smallest σ-algebra on Ω which makes all coordinate maps Xi measurable. On the
algebra of cylinder sets

C :=

{
r⋂

i=1

X−1
i (Ai) : r ∈ N, Ai ∈ 2D

}
×r

i=1
Ai ××∞

i=r+1
D = {ω ∈ Ω : X1(ω) ∈ A1, . . . , Xr(ω) ∈ Ar} is a cylinderwe define P by

P

((
r

×
i=1

Ai

)
×
( ∞
×

i=r+1

D

))
:=

r∏
i=1

PD(Ai) (5.13)

for r ∈ N and A1, . . . , Ar ∈ 2D. Then, by Theorem 2.5, P extends uniquely to a probability
measure on F , which we call the infinite product measure and write F =

⊗
i∈N 2D, P = P⊗N

D .

Now, we note that each Xm has the same distribution PD, and

E[Xm]
(5.12)
=

∫
Xm dP (5.3)

=
∑
k∈D

k P(X−1
m ({k})) (5.13)

=
∑
k∈D

k PD({k}) = 1

6

6∑
k=1

k = 3.5

×m−1
i=1

D × {k} ××∞
i=m+1

D ∈ C (also a cylinder)

which is the expected value of a single die roll. Now consider Sn := 1
n

∑n
i=1 Xi, the average

result of the first n rolls. By linearity of expectation, there holds

E[Sn] = E
[
1

n

n∑
i=1

Xi

]
Lemma 5.7

=
1

n

n∑
i=1

E[Xi] = 3.5

◀

Example 5.3 (Expected waiting time for the first 6). Consider a general die with PD({6}) =
p > 0. Let

T (ω) := min{n ∈ N : Xn(ω) = 6}
be the waiting time for the first 6. We have

{T = k} =

{
ω ∈ Ω :

k−1∧
i=1

Xi(ω) ̸= 6 ∧Xk(ω) = 6

}
=

k−1⋂
i=1

{Xi ̸= 6} ∩ {Xk = 6}

and therefore, by independence of the coordinate maps,

P(T = k) =

(
k−1∏
i=1

P(Xi ̸= 6)

)
· P(Xk = 6) = (1− p)k−1p

Now, we can compute the expected waiting time for the occurrence of the first 6. There holds

E[T ] (5.12)
=

∫
Ω

T dP =
∑
k∈N

∫
Bk

T dP

since the sets Bk = {T = k} partition Ω up to the P-null set {T = ∞}. Due to T |Bk = k, we
arrive at

E[T ] =
∑
k∈N

∫
Bk

T dP =
∑
k∈N

k P(Bk) =
∑
k∈N

kp(1− p)k−1 =
1

p
◀
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Proposition 5.8 (Integration with respect to finitely many Dirac measures). Let (E, E) be a
measurable space, let x1, . . . , xn ∈ E, and let a1, . . . , an ≥ 0. Set

µ :=

n∑
i=1

aiδxi

where δxi(A) = 1A(xi) for A ∈ E . If f : E → R is µ-integrable, then∫
E

f dµ =

n∑
i=1

aif(xi) (5.14)
◁

Proof. We follow the construction steps of the integral.

1. Let f = 1A with A ∈ E . Then, by the definition of µ, we have

µ(A) =

n∑
i=1

aiδxi(A) =

n∑
i=1

ai1A(xi) (5.15)

Hence, ∫
E

1A dµ
(5.1)
= µ(A)

(5.15)
=

n∑
i=1

ai1A(xi)

2. Let s : E → [0,∞) be a non-negative simple function of the form s =
∑m

j=1 αj1Aj . Then,∫
E

sdµ
(5.3)
=

m∑
j=1

αjµ(Aj)

(5.15)
=

m∑
j=1

αj

n∑
i=1

ai1Aj (xi)

=

n∑
i=1

ai

m∑
j=1

αj1Aj (xi) =

n∑
i=1

ais(xi)

3. Let g : E → [0,∞] be measurable. By Lemma 5.3, there exists a monotonically increasing
sequence (sk)k∈N of non-negative simple functions such that sk ↗ g pointwise. By the pre-
vious step, ∫

E

g dµ
(5.5)
= sup

k∈N

∫
E

sk dµ

= sup
k∈N

n∑
i=1

aisk(xi)

=

n∑
i=1

ai sup
k∈N

sk(xi) =

n∑
i=1

aig(xi)

where in the last step we used that the sum is finite and sk(xi) ↗ g(xi) for every i =
1, . . . , n.

4. Let f : E → R be µ-integrable. By the previous step applied to f+ and f−, we have∫
E

f+ dµ =

n∑
i=1

aif
+(xi) and

∫
E

f− dµ =

n∑
i=1

aif
−(xi)

Therefore, ∫
E

f dµ
(5.6)
=

∫
E

f+ dµ−
∫
E

f− dµ

=

n∑
i=1

aif
+(xi)−

n∑
i=1

aif
−(xi)

=

n∑
i=1

ai

(
f+(xi)− f−(xi)

)
=

n∑
i=1

aif(xi)

This proves (5.14). □
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Proposition 5.9 (Integration with respect to countably many Dirac measures). Let (E, E) be
a measurable space, let (xi)i∈N be a sequence in E, and let (ai)i∈N be a sequence in [0,∞). Set

µ :=
∑
i∈N

aiδxi

where δxi(A) = 1A(xi) for A ∈ E . If f : E → R is µ-integrable, then∫
E

f dµ =
∑
i∈N

aif(xi) (5.16)
◁

Proof. We follow the construction steps of the integral.

1. Let f = 1A with A ∈ E . Then, by the definition of µ, we have

µ(A) =
∑
i∈N

aiδxi(A) =
∑
i∈N

ai1A(xi) (5.17)

Hence, ∫
E

1A dµ
(5.1)
= µ(A)

(5.17)
=

∑
i∈N

ai1A(xi)

2. Let s : E → [0,∞) be a non-negative simple function of the form s =
∑m

j=1 αj1Aj . Then,∫
E

sdµ
(5.3)
=

m∑
j=1

αjµ(Aj)

(5.17)
=

m∑
j=1

αj

∑
i∈N

ai1Aj (xi)

=
∑
i∈N

ai

m∑
j=1

αj1Aj (xi) =
∑
i∈N

ais(xi)

where the interchange of the sums is allowed because all terms are non-negative and the
sum over j = 1, . . . ,m is finite.

3. Let g : E → [0,∞] be measurable. By Lemma 5.3, there exists a monotonically increasing
sequence (sk)k∈N of non-negative simple functions such that sk ↗ g pointwise. By the pre-
vious step, ∫

E

g dµ
(5.5)
= sup

k∈N

∫
E

sk dµ

= sup
k∈N

∑
i∈N

aisk(xi)

= sup
k∈N

sup
N∈N

N∑
i=1

aisk(xi)

= sup
N∈N

sup
k∈N

N∑
i=1

aisk(xi)

= sup
N∈N

N∑
i=1

ai sup
k∈N

sk(xi)

= sup
N∈N

N∑
i=1

aig(xi) =
∑
i∈N

aig(xi)

where we used that, for non-negative series, the infinite sum is the supremum of its partial
sums, that the supremum over the product index set N × N is independent of the order
in which the two suprema are taken (i.e. suprema commute), and that the sum over i =
1, . . . , N is finite.

4. Let f : E → R be µ-integrable. Applying the previous step to |f | yields∑
i∈N

ai|f(xi)| =
∫
E

|f |dµ < ∞

Hence
∑

i∈N aif(xi) is absolutely convergent.
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By the previous step applied to f+ and f−, we have∫
E

f+ dµ =
∑
i∈N

aif
+(xi) and

∫
E

f− dµ =
∑
i∈N

aif
−(xi)

and both sums are finite. Therefore,∫
E

f dµ
(5.6)
=

∫
E

f+ dµ−
∫
E

f− dµ

=
∑
i∈N

aif
+(xi)−

∑
i∈N

aif
−(xi)

=
∑
i∈N

ai

(
f+(xi)− f−(xi)

)
=
∑
i∈N

aif(xi)

where the penultimate equality is justified by absolute convergence. This proves (5.16). □

5.2 Properties of the Integral

Theorem 5.10 (Change of variables). Let (Ω,F , µ) be a measure space and (Ω′,F ′) be a
measurable space. Further let T : Ω → Ω′ be measurable. Then, there holds for every measur-
able mapping f : Ω′ → R that

(i) ∫
Ω′

f± dµT =

∫
Ω

f± ◦ T dµ (5.18)

(ii) f is µT -integrable if and only if f ◦ T is µ-integrable. ◁

Proof. Claim (ii) immediately follows from (i). The proof of (i) follows the construction steps
of the integral.

First, let f = 1A, A ∈ F ′. Then, there holds∫
f dµT

(5.1)
= µT (A)

(3.1)
= µ(T−1(A))

(5.1)
=

∫
1T−1(A) dµ =

∫
1A ◦ T dµ =

∫
f ◦ T dµ

Second, the left-hand side and the right-hand side of (i) are linear in f . Therefore, the claim
also holds for non-negative simple functions.

Finally, approximating f ≥ 0 by a monotone increasing sequence and taking limits proves the
claim for any non-negative measurable function. □

Corollary 5.11. Let (Ω,F ,P) be a probability space and X : Ω → R be a random variable.
Further, let f : R → R be measurable, such that either f(X) is integrable or non-negative.
Then, there holds

E[f(X)] =

∫
R
f dPX (5.19)

Especially, there holds E[X] =
∫
R tdPX and E[X2] =

∫
R t

2 dPX . ◁

Proof.
E[f(X)]

(5.12)
=

∫
Ω

f(X) dP =

∫
Ω

f ◦X dP (i)
=

∫
R
f dPX

□

Remark 5.4. Corollary 5.11 tells us that the statistics of X are determined by the distribu-
tion/image measure PX on (R,B(R)). The underlying probability space is not relevant. Espe-
cially, if X : Ω → N, there holds E[X] =

∑
k∈N k P(X = k) and E[X2] =

∑
k∈N k

2 P(X = k). ◀

Definition 5.7. Let X : Ω → R be a random variable. We say that X admits a Lebesgue
density if its distribution PX admits a density with respect to Lebesgue measure in the sense of
Definition 5.8, i.e. if there exists a measurable function fX : R → [0,∞] such that

PX(A) =

∫
A

fX dλ1 (5.9)
=

∫
A

fX(x) dx (5.20)

for all A ∈ B(R). In this case, we say that fX is a Lebesgue density of X. Such a density is
unique only up to λ1-almost everywhere equality. ◀
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Remark 5.5. The usual formulas for expectations in the discrete and continuous settings are
recovered directly from Corollary 5.11.

If PX admits a density fX with respect to Lebesgue measure, then by Theorem 5.15, applied
with (Ω,F , µ) = (R,B(R), λ1), ν = PX , f = fX , we have,

E[X]
(5.12)
=

∫
Ω

X dP

=

∫
Ω

idR ◦X dP

(5.18)
=

∫
R
idR dPX

(5.23)
=

∫
R
idR ·fX dλ1

(5.8)
=

∫
R

(
idR ·fX

)
(x) dx

=

∫
R
x · fX(x) dx

where the second-last equality is just the notation from Example 5.1.

There are three equivalent ways of treating an N-valued random variable.

First, one may regard X as a real-valued random variable X : Ω → R whose image is contained
in N. Then PX is a probability measure on (R,B(R)) and satisfies PX(N) = 1. Thus PX is con-
centrated on N, and therefore idR =

∑
k∈N k1{k} PX -almost everywhere, i.e. the RHS is the

function x 7→ x1N(x) from R to R. Hence

E[X]
Definition 5.6

=

∫
Ω

X dP

Theorem 5.10
=

∫
R
idR dPX

Lemma 5.6 (ii)
=

∫
R

∑
k∈N

k1{k} dPX

Corollary 5.13
=

∑
k∈N

∫
R
k1{k} dPX

Lemma 5.5 (ii)
=

∑
k∈N

k

∫
R
1{k} dPX

Definition 5.1
=

∑
k∈N

k PX({k})

Definition 3.4
=

∑
k∈N

k P(X−1({k}))

=
∑
k∈N

k P({ω ∈ Ω : X(ω) = k})

=
∑
k∈N

k P(X = k)

Equivalently, one may regard X directly as a random variable X : Ω → N. Then PX is a prob-
ability measure on (N, 2N). In this convention, idN =

∑
k∈N k1{k} holds pointwise (i.e. every-

where, not just almost everywhere), and therefore the same computation is written as

E[X]
Definition 5.6

=

∫
Ω

X dP

Theorem 5.10
=

∫
N
idN dPX

=

∫
N

∑
k∈N

k1{k} dPX

Corollary 5.13
=

∑
k∈N

∫
N
k1{k} dPX

Lemma 5.5 (ii)
=

∑
k∈N

k

∫
N
1{k} dPX
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Definition 5.1
=

∑
k∈N

k PX({k})

Definition 3.4
=

∑
k∈N

k P(X−1({k}))

=
∑
k∈N

k P({ω ∈ Ω : X(ω) = k})

=
∑
k∈N

k P(X = k)

A third, equivalent viewpoint is to write the distribution itself as a countable sum of Dirac mea-
sures. Indeed, for every A ∈ 2N, we have

PX(A)
Definition 3.4

= P(X−1(A))

= P(X ∈ A)

=
∑
k∈A

P(X = k)

=
∑
k∈N

P(X = k)δk(A)

and therefore
PX =

∑
k∈N

P(X = k)δk

as measures on (N, 2N). Thus, using Proposition 5.9, one can write

E[X]
Definition 5.6

=

∫
Ω

X dP

Theorem 5.10
=

∫
N
idN dPX

=

∫
N
idN d

(∑
k∈N

P(X = k)δk

)
Proposition 5.9

=
∑
k∈N

P(X = k) idN(k)

=
∑
k∈N

k P(X = k)

Here, the same formula is obtained by rewriting the measure PX , rather than by rewriting the
function idN. ◀

We have the following important result for product measures (Example 2.5).

Fact 5.12 (Tonelli–Fubini). Let (Ω1,F1, µ1) and (Ω2,F2, µ2) be σ-finite measure spaces (Def-
inition 1.5) and let f : Ω1 × Ω2 → R be (F1 ⊗F2,B(R))-measurable (Definition 3.1).

(i) If f ≥ 0, then f(x, ·) : y 7→ f(x, y) is (F2,B(R))-measurable for every x ∈ Ω1.

Furthermore, f1 : x 7→
∫
Ω2

f(x, y) dµ2 is (F1,B(R))-measurable.

(ii) If f ≥ 0, then f(·, y) : x 7→ f(x, y) is (F1,B(R))-measurable for every y ∈ Ω2.

Furthermore, f2 : y 7→
∫
Ω1

f(x, y) dµ1 is (F2,B(R))-measurable.

(iii) If f ∈ L1(µ1 ⊗ µ2), then f(x, ·) ∈ L1(µ2) µ1-almost everywhere and f(·, y) ∈ L1(µ1) µ2-
almost everywhere.

(iv) If f ≥ 0 or f ∈ L1(µ1 ⊗ µ2) (Definition 5.5), then there holds∫
Ω1

∫
Ω2

f dµ2 dµ1 =

∫
Ω1×Ω2

f d(µ1 ⊗ µ2) =

∫
Ω2

∫
Ω1

f dµ1 dµ2 (5.21)
◁

Remark 5.6. (i), (ii) together with (iv) in the case f ≥ 0 are usually referred to as Tonelli’s
theorem and allow the value ∞ for the integrals. (iii) and (iv) in the case f ∈ L1(µ1 ⊗ µ2) con-
stitute Fubini’s theorem and yield finite and equal iterated and product integrals. ◀
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Corollary 5.13. Let (Ω,F , η) be a measure space and let f1, f2, . . . : Ω → R be measurable
such that fn ≥ 0 for all n ∈ N or

∑
n∈N

∫
Ω
|fn|dη < ∞. Then, there holds∫

Ω

∑
n∈N

fn dη =
∑
n∈N

∫
Ω

fn dη (5.22)
◁

Proof. We apply Fact 5.12. Set µ1 := η, µ2 :=
∑

n∈N δn (counting measure on N, see Exam-
ple 1.7) and define

F : Ω× N −→ R
(ω, n) 7−→ F (ω, n) := fn(ω)

which is (F ⊗ 2N,B(R))-measurable. Indeed, for B ∈ B(R), we have f−1
n (B) ∈ F by measurabil-

ity of fn, and {n} ∈ 2N. Hence

f−1
n (B)× {n} ∈ {A1 ×A2 : A1 ∈ F , A2 ∈ 2N} ⊆ σ({A1 ×A2 : A1 ∈ F , A2 ∈ 2N})︸ ︷︷ ︸

F⊗2N

for every n ∈ N, where we used the definition of the product σ-algebra (Example 1.4). Since

F−1(B) = {(ω, k) ∈ Ω× N : F (ω, k) ∈ B}
= {(ω, k) ∈ Ω× N : fk(ω) ∈ B}
= {(ω, k) ∈ Ω× N : fk(ω) ∈ B ∧ true}

=

{
(ω, k) ∈ Ω× N :

(
k−1∨
n=1

false

)
∨ (fk(ω) ∈ B ∧ true) ∨

( ∞∨
n=k+1

false

)}

=

{
(ω, k) ∈ Ω× N :

∨
n∈N

(fn(ω) ∈ B ∧ k = n)

}
=
⋃
n∈N

{(ω, k) ∈ Ω× N : fn(ω) ∈ B ∧ k = n}

=
⋃
n∈N

{
(ω, k) ∈ Ω× N : ω ∈ f−1

n (B) ∧ k ∈ {n}
}

=
⋃
n∈N

{
(ω, k) : ω ∈ f−1

n (B) ∧ k ∈ {n}
}

=
⋃
n∈N

(
f−1
n (B)× {n}

)
and F ⊗ 2N is closed under countable unions, it follows that F−1(B) ∈ F ⊗ 2N for every B ∈
B(R).

If fn ≥ 0 for all n ∈ N, then F ≥ 0.

In the second case, by applying Tonelli to (the non-negative function) |F | and using the as-
sumption, ∫

Ω×N
|F |d(η ⊗ µ2)

(iv)
=

∫
N

∫
Ω

|F |dη dµ2
(5.11)
=

∑
n∈N

∫
Ω

|fn|dη < ∞

so F ∈ L1(η ⊗ µ2) in that case (Definition 5.5).

Thus, ∫
Ω

∑
n∈N

fn dη
(5.11)
=

∫
Ω

∫
N
F dµ2 dη

(iv)
=

∫
N

∫
Ω

F dη dµ2
(5.11)
=

∑
n∈N

∫
Ω

fn dη

□

Corollary 5.14. Let (Ω,F ,P) be a probability space and X1, X2, . . . random variables such
that Xn ≥ 0 for all n ∈ N or

∑
n∈N E[|Xn|] < ∞. Then, there holds

E

[∑
n∈N

Xn

]
=
∑
n∈N

E[Xn]

◁

Proof. Follows from Corollary 5.13 and the definition of expectation (5.12). □

For the remainder of this section, we introduce measures that admit a density.
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Definition 5.8. Let µ and ν be measures on the measurable space (Ω,F). We say that ν ad-
mits a density with respect to µ if there exists a measurable function f : Ω → [0,∞] such that

ν(A) =

∫
A

f dµ

for all A ∈ F . In this case, we say that f is a density of ν with respect to µ. ◀

Theorem 5.15. Let (Ω,F , µ) be a measure space and let f : Ω → R be measurable and non-
negative. Then, the mapping

ν : F −→ [0,∞]

A 7−→ ν(A) :=

∫
A

f dµ

defines a measure (Definition 1.5). In particular, f is a density of ν with respect to µ in the
sense of Definition 5.8. For any measurable and non-negative function g : Ω → R, there holds∫

Ω

g dν =

∫
Ω

g f dµ (5.23)
◁

Proof. Let A1, A2, . . . ∈ F be disjoint. Then, there holds

ν

(⋃
n∈N

An

)
=

∫
⋃

n∈N An

f dµ
(5.7)
=

∫
Ω

f1⋃
n∈N An dµ

=

∫
Ω

f
∑
n∈N

1An dµ

=

∫
Ω

∑
n∈N

f1An dµ

(5.22)
=

∑
n∈N

∫
Ω

f1An dµ
(5.7)
=
∑
n∈N

∫
An

f dµ =
∑
n∈N

ν(An)

which shows that ν is a measure.

To prove (5.23), we follow the steps 1, 2, 3 in the construction of the integral:

1. First, let g = 1A for some A ∈ F . By the definition of the integral for indicator functions
(Definition 5.1),∫

Ω

g dν =

∫
Ω

1A dν
(5.1)
= ν(A) =

∫
A

f dµ
(5.7)
=

∫
Ω

f1A dµ =

∫
Ω

gf dµ

where the central equality is just the definition of ν. Thus, the claim holds for indicator
functions.

2. Next, let g be a non-negative simple function g =
∑m

i=1 αi1Ai with αi ≥ 0 and Ai ∈ F .
Using the definition of the integral for non-negative simple functions (Definition 5.2) and
step 1., we obtain∫

Ω

g dν
(5.3)
=

m∑
i=1

αiν(Ai)
(5.1)
=

m∑
i=1

αi

∫
Ω

1Ai dν

1.
=

m∑
i=1

αi

∫
Ω

f1Ai dµ =

∫
Ω

f

m∑
i=1

αi1Ai dµ =

∫
Ω

fg dµ

where we used Lemma 5.5 in the penultimate step.

3. Finally, let g : Ω → R be measurable and non-negative. By Lemma 5.3, there exists a mono-
tonically increasing sequence (gn)n∈N of non-negative simple functions such that gn → g.
Since gn ↗ g and f ≥ 0, we also have gnf ↗ gf . Therefore, by the definition of the inte-
gral for non-negative measurable functions (Definition 5.3) and step 2., we obtain∫

Ω

g dν
(5.5)
= sup

n∈N

∫
Ω

gn dν
2.
= sup

n∈N

∫
Ω

gnf dµ
(5.5)
=

∫
Ω

gf dµ

Hence, the integral identity (5.23) holds for all non-negative measurable g. □
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Definition 5.9. Let µ, ν be measures on the measurable space (Ω,F). The measure ν is called
absolutely continuous with respect to µ, we write ν ≪ µ, if

µ(A) = 0 =⇒ ν(A) = 0

for all A ∈ F . ◀

We close this section by the following statement known as Radon–Nikodym theorem in litera-
ture.

Fact 5.16 (Radon–Nikodym theorem). Let (Ω,F , µ) be a σ-finite measure space and let ν :
F → [0,∞] be a measure. Then ν is absolutely continuous with respect to µ in the sense of
Definition 5.9 if and only if ν admits a density f with respect to µ in the sense of Definition 5.8.
Especially, this density f is µ-almost everywhere uniquely determined, i.e. ν = f1µ = f2µ =⇒
µ({f1 ̸= f2}) = 0. ◁

5.3 Lp-spaces

Throughout this section, we assume that (Ω,F ,P) is a probability space. The first result is
known as Jensen’s inequality.

Theorem 5.17 (Jensen’s inequality). Let ϕ : R → R be convex, i.e.

λϕ(x) + (1− λ)ϕ(y) ≥ ϕ(λx+ (1− λ)y)

for all x, y ∈ R and all λ ∈ [0, 1]. If X : Ω → R is a random variable such that X and ϕ(X) are
integrable, then there holds

ϕ(E[X]) ≤ E[ϕ(X)] (5.24)
◁

Proof. Since ϕ is convex, there exists for each x0 ∈ R a line x 7→ ℓ(x) = ax + b such that
ℓ(x) ≤ ϕ(x) and ℓ(x0) = ϕ(x0). Choose x0 = E[X]. Then, we infer

ϕ(E[X]) = ℓ(E[X]) = aE[X] + b = E[aX + b] = E[ℓ(X)] ≤ E[ϕ(X)]

by the linearity (Lemma 5.7) and monotonicity (Lemma 5.6) of the integral and the fact that
b = E[b]. □

Example 5.7. Let X : Ω → R be an integrable random variable. Then, there holds, for exam-
ple,

1. |E[X]| ≤ E[|X|]

2. e± E[X] ≤ E[e±X ]

3. (E[X])2 ≤ E[X2] and, more generally, |E[X]|p ≤ E[|X|p], 1 ≤ p < ∞ ◀

Definition 5.10. Let X : Ω → R be a random variable with E[X2] < ∞. Then, the variance
of X is defined as

Var[X] := E
[
(X − E[X])2

]
= E[X2]− (E[X])2 ∈ [0,∞) (5.25)

The corresponding standard deviation is given by σ(X) :=
√

Var[X]. ◀

Remark 5.8. There holds Var[X] = 0 if X = E[X] P-almost surely. Moreover, it is easy to
see that

Var[aX + b] = a2 Var[X]

for all a, b ∈ R. ◀

In analogy to the variance, we can also consider higher order moments of random variables.

Definition 5.11. We define the Lp-norm according to

∥X∥p :=

{
E[|X|p]1/p 1 ≤ p < ∞
inf{s ∈ [0,∞] : |X| ≤ s P-almost surely} p = ∞

(5.26)

Corresponding to the Lp-norm, we introduce the sets

Lp(Ω,F ,P) := {X : Ω → R : ∥X∥p < ∞}

Especially, there holds Lp(Ω,F ,P) ⊆ Lq(Ω,F ,P) for p ≥ q. ◀
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Remark 5.9. The inclusion Lp(Ω,F , µ) ⊆ Lq(Ω,F , µ) is usually wrong for general measure
spaces. Further, we observe that X ∈ L2(Ω,F ,P) if and only if X ∈ L1(Ω,F ,P) and Var[X] <
∞. ◀

Fact 5.18. Let X,Y : Ω → R be random variables. There holds for any p, q ∈ [1,∞] that

(i) ∥XY ∥1 ≤ ∥X∥p∥Y ∥q whenever 1/p+ 1/q = 1 (Hölder’s inequality)

(ii) ∥X + Y ∥p ≤ ∥X∥p + ∥Y ∥p whenever X + Y is a.s. well defined (Minkowski’s inequality)
◁

Remark 5.10. As a consequence of (ii), the Lp-norms are semi-norms. They become norms
under the equivalence relation X ∼ Y if and only if P({X ≠ Y }) = 0. The corresponding spaces
are denoted by Lp(Ω,F ,P) ⊆ Lp(Ω,F ,P) and are Banach spaces. ◀

Next, we prove the well known Chebyshev–Markov inequality.

Theorem 5.19 (Chebyshev–Markov inequality). Let X : Ω → R be a random variable. Then,
there holds

P(|X| ≥ a) ≤ 1

ap
E[|X|p]

for all a, p > 0. ◁

Proof. Let
Na := {|X| ≥ a}

Then,

E[|X|p] =
∫
Ω

|X|p dP ≥
∫
Na

|X|p dP
(i)
≥
∫
Na

ap dP = apP(Na)

where we used Lemma 5.6. □

An immediate consequence is Chebyshev’s inequality.

Corollary 5.20 (Chebyshev’s inequality). Let X : Ω → R be a random variable. Then, there
holds

P(|X − E[X]| ≥ a) ≤ 1

a2
Var[X] (5.27)

for all a > 0. ◁

Proof. Apply Theorem 5.19 to X − E[X] for p = 2. □

5.4 Convergence theorems

We give a brief overview on the most important convergence theorems for sequences of random
variables. As before, let (Ω,F ,P) always denote a probability space.

Definition 5.12. Let X, (Xn)n∈N be random variables.

(i) We say (Xn)n∈N converges to X pointwise, denoted by Xn
p.w.−−→ X, if

lim
n→∞

Xn(ω) = X(ω)

for all ω ∈ Ω.

(ii) We say (Xn)n∈N converges to X P-almost surely, denoted by Xn
a.s.−−→ X, if

P( lim
n→∞

Xn = X) = 1

shorthand for {ω ∈ Ω : limn→∞ Xn(ω) = X(ω)}

(iii) We say (Xn)n∈N converges to X in probability, denoted by Xn
i.p.−−→ X, if

P(|Xn −X| ≥ a)
n→∞−−−−→ 0

for all a > 0.

(iv) We say (Xn)n∈N converges to X in distribution, denoted by Xn
i.d.−−→ X, if

E[f(Xn)]
n→∞−−−−→ E[f(X)]

for all bounded f ∈ C(R).

(v) We say (Xn)n∈N converges to X in Lp, denoted by Xn
Lp

−−→ X, if

∥Xn −X∥p
n→∞−−−−→ 0 ◀
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Remark 5.11. The following diagram summarizes the implications between the different
types of convergence.

pointwise (i) almost surely (ii) in probability (iii) in distribution (iv)

in Lp (v)

There holds (ii) ⇒ (iii). The reverse implication (iii) ⇒ (ii) holds along a subsequence.

Moreover, we have (iii) ⇒ (iv), while the reverse (iv) ⇒ (iii) only holds if X is almost surely
constant.

Further, there holds (v) ⇒ (iii), where p = 1 is sufficient. Vice versa, we have (iii) ⇒ (v) if
(Xn)n∈N is uniformly Lp-integrable, i.e. if

sup
n∈N

∫
{|Xn|>M}

|Xn|p dP
M→∞−−−−→ 0

Finally, there holds (ii) ⇒ (v) if there exist an Lp-majorant for (Xn)n∈N, as we will see in The-
orem 5.24. ◀

Fact 5.21. The sequence of random variables (Xn)n∈N converges in distribution to X if and
only if the corresponding distribution functions Fn satisfy

Fn(x)
n→∞−−−−→ F (x)

for all x ∈ R at which the distribution function F of X is continuous. ◁

We have the following result known as monotone convergence theorem.

Theorem 5.22 (Monotone Convergence Theorem). Let (Xn)n∈N, Xn ≥ 0, be a monotonically
increasing sequence of random variables. Then, there holds

E
[
sup
n∈N

Xn

]
= sup

n∈N
E[Xn] (5.28)

◁

Proof. For every n ∈ N, we have Xn = supm∈N Xn,m for some monotonically increasing se-
quence (Xn,m)m∈N of non-negative simple functions by Lemma 5.3. Moreover,

sup
n∈N

Xn = sup
n∈N

(
sup
m∈N

Xn,m

)
= sup

n,m∈N
Xn,m

If we define Yk := max{Xn,m : 1 ≤ n,m ≤ k} then (Yk)k∈N is a monotonically increasing se-
quence of non-negative simple functions and

sup
k∈N

Yk = sup
k∈N

max
1≤n,m≤k

Xn,m = sup
n,m∈N

Xn,m = sup
n∈N

Xn

We have
E[Xn] ≤ E

[
sup
n∈N

Xn

]
= E

[
sup
k∈N

Yk

]
(5.5)
= sup

k∈N
E[Yk] ≤ sup

k∈N
E[Xk]

for every n ∈ N. The left inequality follows by monotonicity of the integral (Lemma 5.5 (iii)).
For the right inequality, observe that Yk ≤ Xk for every k ∈ N, since Xn,m ≤ Xn ≤ Xk when-
ever 1 ≤ n,m ≤ k. Thus, again by Lemma 5.5 (iii), E[Yk] ≤ E[Xk] for every k ∈ N.

Taking the supremum over n ∈ N on the left-hand side and renaming the (dummy) index on
the right-hand side yields

sup
n∈N

E[Xn] ≤ E
[
sup
n∈N

Xn

]
≤ sup

n∈N
E[Xn]

and hence the claimed identity. □

The next result is Fatou’s lemma, which is a consequence of the Monotone Convergence Theo-
rem 5.22.

Theorem 5.23 (Fatou’s lemma). Let (Xn)n∈N, Xn ≥ 0, be a sequence of random variables.
Then, there holds

E
[
lim inf
n→∞

Xn

]
≤ lim inf

n→∞
E[Xn] (5.29)

◁
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Proof. Let Yn := infk≥n Xk. Then (Yn)n∈N is a monotonically increasing sequence of random
variables and we have

E
[
lim inf
n→∞

Xn

]
(3.2)
= E

[
sup
n∈N

Yn

]
(5.28)
= sup

n∈N
E[Yn] ≤ sup

n∈N
inf
k≥n

E[Xk]
(3.2)
= lim inf

n→∞
E[Xn]

since, by Lemma 5.5 (iii), E[Yn] ≤ E[Xk] for all k ≥ n. □

Theorem 5.24 (Dominated Convergence Theorem). Let p ∈ [1,∞) and let Xn
a.s.−−→ X as well

as |Xn| ≤ Y P-almost surely for all n ∈ N and some Y ∈ Lp(Ω,F ,P). Then, Xn
Lp

−−→ X. ◁

Proof. Since |Xn| ≤ Y for all n ∈ N, we have |X| ≤ Y P-almost surely. Consequently, there
also holds E[|X|p] ≤ E[Y p] < ∞. Set Zn := |Xn −X|p. We need to show E[Zn] → 0. There
holds

0 ≤ Zn ≤ (|X|+ Y )p =: Z

with E[Z] < ∞. Invoking Theorem 5.23, we have

E
[
lim inf
n→∞

(Z − Zn)
] (5.29)

≤ lim inf
n→∞

E[Z − Zn] = E[Z]− lim sup
n→∞

E[Zn]

Furthermore, since Xn
n→∞−−−−→ X P-almost surely, we have that Zn

n→∞−−−−→ 0 P-almost surely and,
consequently,

E
[
lim inf
n→∞

(Z − Zn)
]
= E[Z]

Inserting this in the previous inequality yields lim supn→∞ E[Zn] ≤ 0 and consequently

lim
n→∞

E[Zn] = 0

since Zn ≥ 0. □
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6 Laws of Large Numbers

Let (Ω,F ,P) be a probability space (Definition 1.7).

6.1 Weak Law of Large Numbers

Theorem 6.1 (Weak Law of Large Numbers). Let (Xn)n∈N with Xn ∈ L2(Ω,F ,P), E[Xn] =
µ for all n ∈ N. Assume they are pairwise uncorrelated, i.e. E[(Xj − µ)(Xk − µ)] = 0 for all
j ̸= k. Assume that Var[Xn] ≤ C for all n ∈ N and some C > 0. Then, for Sn :=

∑n
k=1 Xk,

there holds
Sn

n

n→∞−−−−→ µ

in L2 and in probability, see Definition 5.12 (v) and (iii). ◁

Proof. ∥∥∥∥Sn

n
− µ

∥∥∥∥
2

(5.26)
=

√√√√E

[(
Sn

n
− µ

)2
]

=

√√√√E

[(
1

n

n∑
k=1

(Xk − µ)

)2
]

=

√√√√ 1

n2
E

[
n∑

j=1

n∑
k=1

(Xj − µ)(Xk − µ)

]

=

√√√√ 1

n2

n∑
j=1

n∑
k=1

E[(Xj − µ)(Xk − µ)]

=

√√√√ 1

n2

n∑
k=1

E[(Xk − µ)2]︸ ︷︷ ︸
=Var[Xk]≤C

≤
√

C

n

n→∞−−−−→ 0

and hence Sn/n
L2

−−→ µ. According to Remark 5.11, this implies Sn/n
i.p.−−→ µ. □

Remark 6.1. Instead of Var[Xn] ≤ C, it is sufficient that
∑n

k=1 Var[Xk] = o(n2).

In case that E[Xn] is not constant, we have 1
n

∑n
k=1(Xk − E[Xk])

L2

−−→ 0. ◀

A consequence of Theorem 6.1 is the approximation theorem of Weierstraß, Theorem 6.2, which
states that polynomials are dense in the space of continuous functions on [0, 1] with respect to
the supremum norm.

Theorem 6.2 (Weierstraß approximation). Let f ∈ C([0, 1]). Then for every ε > 0, there
exists a polynomial p on [0, 1] such that |f(x)− p(x)| < ε for all x ∈ [0, 1]. ◁

Proof. Define the Bernstein polynomials according to

Bk,n(t) :=

(
n

k

)
tk(1− t)n−k

for n ∈ N, k = 0, . . . , n and t ∈ [0, 1].

fn(t) :=

n∑
k=0

f(k/n)Bk,n(t) =

n∑
k=0

f(k/n)

(
n

k

)
tk(1− t)n−k

For fixed t ∈ [0, 1], let Pt,j be the probability measure on {0, 1} given by

Pt,j({xj}) := txj (1− t)1−xj

for xj ∈ {0, 1} and j = 1, . . . , n. We equip {0, 1}n with the product measure Pt =
⊗n

j=1 Pt,j

(Example 2.5), given by

Pt

(
n

×
j=1

{xj}
)

(2.2)
=

n∏
j=1

Pt,j({xj}) =
n∏

j=1

txj (1− t)1−xj
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for (x1, . . . , xn) ∈ {0, 1}n. Let X1, . . . , Xn be the coordinate maps on {0, 1}n and set Sn :=∑n
j=1 Xj . Et then denotes expectation with respect to Pt, i.e.

Et[g]
(5.12)
=

∫
{0,1}n

g dPt =
∑

ω∈{0,1}n
g(ω)Pt({ω}) =

∑
ω∈{0,1}n

g(ω)

n∏
j=1

tXj(ω)(1− t)1−Xj(ω)

for every g : {0, 1}n → R. Setting g = f(Sn/n), we have

Et[f(Sn/n)] =
∑

ω∈{0,1}n
f(Sn(ω)/n)

n∏
j=1

tXj(ω)(1− t)1−Xj(ω)

=

n∑
k=0

∑
ω∈{0,1}n
Sn(ω)=k

f(Sn(ω)/n)

n∏
j=1

tXj(ω)(1− t)1−Xj(ω)

=

n∑
k=0

∑
ω∈{0,1}n
Sn(ω)=k

f(k/n) tk(1− t)n−k

=

n∑
k=0

(
n

k

)
f(k/n) tk(1− t)n−k

= fn(t)

We have

|fn(t)− f(t)| =
∣∣∣∣Et

[
f

(
1

n
Sn

)
− f(t)

]∣∣∣∣ (5.24)
≤ Et

[∣∣∣∣f( 1

n
Sn

)
− f(t)

∣∣∣∣]
Now let ε > 0. Since f is continuous on the compact interval [0, 1], it is uniformly continuous
by the Heine–Cantor theorem. Hence, there exists δ > 0 such that |f(t)− f(s)| < ε/2 whenever
|t − s| < δ. Splitting the expectation according to whether |Sn/n − t| < δ (“good” event) or
|Sn/n− t| ≥ δ (“bad” event) and employing the △-inequality, we have

Et

[∣∣∣∣f( 1

n
Sn

)
− f(t)

∣∣∣∣] ≤ ε

2
Pt

(∣∣∣∣ 1nSn − t

∣∣∣∣ < δ

)
+ max

s∈[0,1]
(|f(s)− f(t)|)Pt

(∣∣∣∣ 1nSn − t

∣∣∣∣ ≥ δ

)
≤ ε

2
+ max

s∈[0,1]
(|f(s)|+ |f(t)|)Pt

(∣∣∣∣ 1nSn − t

∣∣∣∣ ≥ δ

)
≤ ε

2
+ 2∥f∥∞Pt

(∣∣∣∣ 1nSn − t

∣∣∣∣ ≥ δ

)

Since X1, . . . , Xn are independent under Pt and Et[Xj ] = t, Vart[Xj ] = t(1−t) we have Et[
1
n
Sn] =

t and

Vart
[
1

n
Sn

]
=

1

n2

n∑
j=1

Vart[Xj ] =
t(1− t)

n

and applying Chebyshev’s inequality (Corollary 5.20), we obtain

Pt

(∣∣∣∣ 1nSn − t

∣∣∣∣ ≥ δ

)
≤ 1

δ2
Vart

[
1

n
Sn

]
=

1

δ2
t(1− t)

n
≤ 1

4δ2n

n→∞−−−−→ 0

Choose N ∈ N such that 2∥f∥∞
4δ2N

≤ ε
2
. Then, for all n ≥ N and all t ∈ [0, 1],

|fn(t)− f(t)| ≤ ε

2
+

2∥f∥∞
4δ2n

≤ ε

Thus fn → f uniformly on [0, 1]. □

A practical application of the Weak Law of Large Numbers (Theorem 6.1) is the Monte Carlo
method.

Theorem 6.3 (Monte Carlo method). Let f ∈ L2([0, 1],B([0, 1]), λ) and let (Xn)n∈N be a se-
quence of independent and uniformly [0, 1]-distributed random variables. Then

1

n

n∑
k=1

f(Xk)
L2

−−→
∫ 1

0

f(x) dx (6.1)
◁
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Proof. Since f is measurable, the random variables (f(Xn))n∈N are pairwise independent by
Theorem 4.4. As mentioned in Example 4.2, this implies pairwise uncorrelatedness. They are
also identically distributed. Moreover, by Corollary 5.11 and since PXn = λ|[0,1],

E[f(Xn)]
(5.12)
=

∫
Ω

f(Xn) dP
(5.18)
=

∫
[0,1]

f dλ
(5.9)
=

∫ 1

0

f(x) dx =: µ

as well as

E[f(Xn)
2]

(5.12)
=

∫
Ω

f(Xn)
2 dP (5.18)

=

∫
[0,1]

f2 dλ
(5.9)
=

∫ 1

0

f(x)2 dx < ∞

because f ∈ L2([0, 1],B([0, 1]), λ). Hence

Var[f(Xn)] = E[f(Xn)
2]− (E[f(Xn)])

2 ≤ E[f(Xn)
2] =: C < ∞

is uniformly bounded (i.e. bounded by the constant C independent of n). Thus the assumptions
of Theorem 6.1 are satisfied and we obtain (6.1). □

Remark 6.2. The proof works in arbitrary dimensions and with general distributions, as
long as f is bounded in L2. The Monte Carlo method is therefore applied as a dimnsion-robust
quadratur method, with dimension independent rate of convergence O(1/

√
n). ◀

6.2 Strong Law of Large Numbers

Theorem 6.4 (Strong Law of Large Numbers). Let (Xn)n∈N be pairwise independent and
identically distributed with µ = E[Xn] and E[|Xn|] < ∞. Then, for Sn :=

∑n
k=1 Xk, there holds

Sn

n

n→∞−−−−→ µ

P-almost surely, see Definition 5.12 (ii). ◁

An important consequence of the Strong Law of Large Numbers is the convergence of empirical
distributions, known as the Glivenko–Cantelli theorem (Theorem 6.6).

Definition 6.1. Let (µn)n∈N and µ be probability measures on (R,B(R)). We say that µn

converges weakly to µ, denoted by
µn

weakly−−−−→ µ

if ∫
R
f dµn

n→∞−−−−→
∫
R
f dµ

for all bounded f ∈ C(R). ◀

Remark 6.3. Weak convergence of probability measures (Definition 6.1) is the measure-theoretic
formulation of convergence in distribution of random variables (Definition 5.12). Indeed, by (iv)
and Corollary 5.11, there holds

Yn
i.d.−−→ Y

if and only if we have
PYn

weakly−−−−→ PY

for the image measures. ◀

The corresponding formulation of Fact 5.21 is

Fact 6.5. Let (µn)n∈N and µ be probability measures on (R,B(R)). Let Fµn and Fµ be the
distribution functions (Definition 2.10) of µn and µ, respectively. Then

µn
weakly−−−−→ µ

if and only if
Fµn(x)

n→∞−−−−→ Fµ(x)

for every x ∈ R at which Fµ is continuous. ◁
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Theorem 6.6 (Glivenko–Cantelli). Let (Xn)n∈N be independent and identically distributed
random variables. Define the empirical distribution via

ρn(ω,A) :=
1

n

n∑
k=1

δXk(ω)(A) =
1

n
|{k ∈ {1, . . . , n} : Xk(ω) ∈ A}|

which is the relative frequency with which the first n observations fall into A, where A ∈ B(R).

Then, we have
ρn(ω, ·)

n→∞−−−−→ PX1(·)

weakly for P-almost every ω ∈ Ω. This means that the empirical distribution ρn(ω, ·) converges
weakly to the common distribution of the random variables (Xn)n∈N. ◁

Proof. We prove the pointwise convergence of the sequence of empirical distribution functions

Fn(ω, x) = ρn(ω, (−∞, x]) =
1

n

n∑
k=1

1(−∞,x](Xk(ω))︸ ︷︷ ︸
=:Yk(ω)

for fixed x ∈ R, this is a random variable

towards
F (x) = PX1((−∞, x]) = P({X1 ≤ x})

for every x ∈ R where F is continuous and then apply Fact 6.5.

For fixed x ∈ R, the random variables Yn are independent and identically distributed. Since 0 ≤
Yn ≤ 1, we have E[|Yn|] = E[Yn] ≤ E[1] = 1 < ∞. Thus, we may apply the Strong Law of Large
Numbers and obtain

Fn(ω, x)
n→∞−−−−→ E[Y1] = F (x) (6.2)

P-almost surely, see Definition 5.12 (ii). The equality on the RHS of (6.2) holds since

E[Y1] = E[1(−∞,x](X1)]
(5.12)
=

∫
Ω

1(−∞,x](X1) dP =

∫
Ω

1{X1≤x} dP
(5.1)
= P({X1 ≤ x}) = F (x)

for each fixed x ∈ R.

In particular, we find for each x ∈ R a set Nx ∈ F with P(Nx) = 0 such that (6.2) holds for all
ω ∈ Ω \Nx. The problem is that the exceptional set Nx may depend on x.

Now letting N :=
⋃

x∈Q Nx, there holds P(N) ≤
∑

x∈Q P(Nx) = 0, since Q is countable. There-
fore, for every ω ∈ Ω \N , the convergence in (6.2) holds simultaneously for all x ∈ Q (not just
at continuity points of F ). We find for all ω ∈ Ω \N by the monotonicity of probability distri-
bution functions that

F (s) = lim
n→∞

Fn(ω, s) ≤ lim inf
n→∞

Fn(ω, x) ≤ lim sup
n→∞

Fn(ω, x) ≤ lim
n→∞

Fn(ω, t) = F (t)

for all x ∈ R and all s, t ∈ Q with s ≤ x ≤ t. Therefore, if F is continuous at x, we have

lim
s↗x

F (s) = F (x) = lim
t↘x

F (t)

and, consequently, by the previous inequality, limn→∞ Fn(ω, x) = F (x) for every ω ∈ Ω \N .

Thus, for every ω ∈ Ω \N , the distribution functions of ρn(ω, ·) converge to the distribution
function of PX1 at every continuity point of F . By Fact 6.5, this is equivalent to

ρn(ω, ·)
weakly−−−−→ PX1

for every ω ∈ Ω \N . Since P(N) = 0, the convergence holds for P-almost every ω ∈ Ω and hence
the claim follows. □
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7 Central Limit Theorem

Let (Ω,F ,P) be a probability space (Definition 1.7).

Definition 7.1. Let X be a real-valued random variable on (Ω,F ,P). The moment generat-
ing function of X is defined by

MX(t) := E
[
etX
]
=

∫
Ω

etX dP (7.1)

for all t ∈ R such that E
[
etX
]
< ∞. Its domain is DX := {t ∈ R : E

[
etX
]
< ∞}. ◀

Example 7.1. If |X| ≤ M P-almost surely, then the moment generating function exists on R,
since

E
[
etX
]
≤ E

[
e|tX|] = E

[
e|t||X|] ≤ E

[
e|t|M

]
= e|t|M < ∞

for all t ∈ R. ◀

If X admits a Lebesgue density fX in the sense of Definition 5.7 and t ∈ DX , then et idR is non-
negative and PX -integrable. Therefore, by Corollary 5.11, and Theorem 5.15, applied with µ =
λ1, ν = PX and g = et idR , there holds

MX(t)
(7.1)
=

∫
Ω

etX dP (5.19)
=

∫
R
et idR dPX

(5.23)
=

∫
R
et idRfX dλ1 (5.8)

=

∫
R
etxfX(x) dx (7.2)

Lemma 7.1 (Properties of moment generating functions). Let X : Ω → R be a random vari-
able with moment generating function MX defined in an open interval DX ⊂ R containing 0.

(i) The k-th derivative dk

dtk
MX(t) exists on DX for all k ∈ N and

dk

dtk
MX(0) = E[Xk] (7.3)

(ii) If X,Y : Ω → R are independent with moment generating functions MX ,MY on D and Z
:= X + Y , then there holds MZ(t) = MX(t)MY (t) for all t ∈ D.

(iii) Let a, b ∈ R and set Y := a+ bX. Then, MY (t) = eatMX(bt) for all t such that bt ∈ DX .
◁

Proof. (i) Since MX is finite on an open interval around t, the terms |X|kesX are domi-
nated for s near t by an integrable exponential bound. Hence, the mean value theorem
applied to the difference quotients, together with repeated applications of Theorem 5.24,
yields

dk

dtk
MX(t) = E

[
∂k

∂tk
etX
]
= E

[
XketX

]
for all t ∈ DX . Evaluation at t = 0 yields (7.3).

(ii) The independence of X and Y yields

MZ(t) = E
[
etZ
]
= E

[
etX+tY ] = E

[
etXetY

] (5.21)
= E

[
etX
]
E
[
etY
]
= MX(t)MY (t)

where the fourth equality is the factorization of expectations of non-negative measur-
able functions of independent random variables, which follows from Definition 4.2 and
Fact 5.12.

(iii) By direct computation, we infer

MY (t) = E
[
etY
]
= E

[
et(a+bX)] = E

[
eatebtX

]
= eat E

[
ebtX

]
= eatMX(bt) □

Remark 7.2. If MX(t) exists and is finite on some open interval containing 0, then the distri-
bution PX is uniquely determined by the moments E[Xk], k ∈ N. ◀

Example 7.3 (Normal distribution). Let X ∼ N (µ, σ2) with µ ∈ R and σ > 0, i.e. let X

admit the Lebesgue density fX(x) = 1√
2πσ

e−(x−µ)2/(2σ2). Then there holds

MX(t)
(7.2)
=

1√
2πσ

∫
R
e
tx− (x−µ)2

2σ2 dx = eµt+σ2t2

2
1√
2πσ

∫
R
e
− (x−(µ+σ2t))2

2σ2 dx = eµt+σ2t2

2 (7.4)

for all t ∈ R. Hence X has moments of all orders by Lemma 7.1 (i), and its distribution is
uniquely determined by those moments by Remark 7.2. ◀
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Fact 7.2. Let (Xn)n∈N be a sequence of random variables with moment generating functions
(Mn)n∈N, which all are finite on some open interval DX ⊂ R containing 0. Suppose there exists
a random variable X with moment generating function MX , also defined on DX , such that

lim
n→∞

Mn(t) = MX(t)

for all t ∈ DX (see Definition 0.2). Then Xn
i.d.−−→ X in the sense of Definition 5.12 (iv). ◁

We now prove a version of the central limit theorem for i.i.d. random variables whose moment
generating function exists in an open interval around zero.

Theorem 7.3 (Central Limit Theorem). Let (Xn)n∈N be a sequence of i.i.d. random vari-
ables with mean µ ∈ R and variance σ2 > 0. Assume that the moment generating function
M(t) := E

[
etX1

]
exists and is finite on an open interval containing 0. Define

Sn :=

n∑
k=1

Xk and Zn :=
Sn − nµ

σ
√
n

Then (Zn)n∈N converges in distribution to the standard normal distribution. ◁

Proof. Without loss of generality, we assume µ = 0 and set Zn := Sn/(σ
√
n).

By Lemma 7.1 (ii), the independence of (Xn)n∈N, and the fact that the random variables are
identically distributed, there holds

MSn(t) =

n∏
k=1

MXk (t) = (M(t))n

Using Lemma 7.1 (iii), we further infer

MZn(t) = MSn

(
t

σ
√
n

)
=

(
M

(
t

σ
√
n

))n

(7.5)

Choose a > 0 such that (−a, a) is contained in the domain of M and set J := (−σa, σa). Then
the moment generating functions MZn are finite on the common open interval J for all n ∈ N,
since t/(σ

√
n) ∈ (−a, a) for all t ∈ J and all n ∈ N.

Since M is finite in a neighbourhood of 0, its derivatives at 0 exist and by Lemma 7.1 (i), we
have

M(0) = E
[
e0·X1

]
= 1 M ′(0) = E[X1] = 0 M ′′(0) = E[X2

1 ]
(5.25)
= σ2

and the second-order Taylor expansion of M around 0 therefore takes the form

M(s) = 1 +
σ2

2
s2 + r(s) (7.6)

where r(s) = o(s2) as s → 0. In particular, for fixed t ∈ J ,

M

(
t

σ
√
n

)
(7.6)
= 1 +

σ2

2

t2

σ2n
+ r

(
t

σ
√
n

)
= 1 +

t2

2n
+ rn(t)

where rn(t) := r
(
t/(σ

√
n)
)

satisfies nrn(t) → 0 as n → ∞, i.e. rn(t) = o(1/n). Indeed, this is
immediate for t = 0, while for t ̸= 0, setting sn := t/(σ

√
n) gives

nrn(t) =
t2

σ2

r(sn)

s2n

n→∞−−−−→ 0

Inserting this into (7.5) and taking the logarithm (which is well-defined since the MGF is strictly
positive) gives

logMZn(t) = n log

(
1 +

t2

2n
+ rn(t)

)
Since log(1+u) = u+o(u) as u → 0, letting un(t) := t2/(2n)+ rn(t) and observing that un(t) =
O(1/n), we obtain

logMZn(t) = n

(
t2

2n
+ rn(t) + o

(
1

n

))
=

t2

2
+ nrn(t) + o(1)

n→∞−−−−→ t2

2

Therefore, by the continuity of the exponential function, we arrive at

lim
n→∞

MZn(t) = lim
n→∞

elogMZn (t) = elimn→∞ logMZn (t) = et
2/2

for every t ∈ J . By Example 7.3 (7.4), this is the MGF of a standard normal random variable
Z ∼ N (0, 1). By Fact 7.2, we conclude that (Zn)n∈N converges to Z in distribution. □
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