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Preface

This document contains unofficial student-made notes for the course Probability & Measure
taught by Michael Multerer with the assistance of Jacopo Quizi in Spring 2026 at the Univer-
sita della Svizzera italiana. These notes are mostly based on the course materials, especially [1],
but they also include additional explanations, examples, and intermediate steps to aid under-
standing. The textbooks listed for the course are [2, 3]. The counterexample in Example 3.6 is
adapted from [4]. The visualization in Definition 2.3 is adapted from [5]; the sketches in Propo-
sition 2.3 are inspired by [6, 7]; and the monkey illustration in Example 4.7 is adapted from [§].
If you spot an error, please report it to fabianlucasbosshard@gmail.com. The KTEX source is
available at https://github.com/fabianbosshard/usi-informatics-course-summaries.

This work is licensed under a Creative Commons “Attribution 4.0 @ @

International” license.
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0 Useful Notions

0 Useful Notions
Contingency table: displays the multivariate frequency distribution of the variables.
Conditional Probability and Bayes’ Theorem

Events

Conditional probability

P(A| B) = P(ﬁ(;)B)
Bayes’ theorem
P(A| B) = P(Bll)g)P(A)

Total probability
Let (A;); be a partition of Q. Then

P(B) =Y P(BNA)
= ZP(B | A4) P(A;).

From Events to Random Variables

If X,Y are random variables, the same structure appears at the level of distributions.

Random Variables

Discrete case (pmf)

Joint distribution

pxy(z,y) =P(X =2,V =y)
Marginal distribution

py(y) =2, pxv(z,y)

Conditional distribution

pxjy(z|y) = pi);:g;y)

Continuous case (pdf)
Joint distribution
fxy(z,y)

Marginal distribution

Iy () = [ fxy(z,y)de

Conditional distribution

Ixpv (@] y) = b}yyig)y)

Bayes’ theorem Bayes’ theorem

pX|Y(x | y) . leX(y | m)pX(-’E) fX\Y(f | y) . fy|x(y | l’) fx(x)

Y upyix(y | u)px (u) [ fix(lu) fx(u)du

Rational Numbers

For any a,b € R with a < b

U (@,¢)=(ab)
a<q1<qa2<b
q1,92€Q

We have Q = R.

Telescopic Identity

Let (an)nen, be a sequence. Then, for every N € N, there holds

N

Z(an —an-1) =an — ao

n=1

N

= an :ao+2(an—an71)
n=1

If an, — a, then letting N — oo yields

oo
a=ao + Z(an - an—l)
n=1
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Open rectangles are open

To check that a rectangle is open, it suffices to show that every point inside it admits a small
ball still contained in the rectangle, see Remark 2.3.

Consider the rectangle
d
Q= (a,b) = X(ai, bi)
i=1
where a,b € R? with a < b. Given « € Q, choose r(z) > 0 such that

0<r(x) < 1rgii£d{a:i —a;, by —xi}

which is possible because & € Q) implies a; < z; < b; for every i = 1,...,d. Now consider z €
B, (z)(z). Then

zi — i < ||z — x|z < r(x)
for every i = 1,...,d. Hence
a; <z —r(e) <z <z +r(x) <b

for every i =1,...,d. Thus z € Q, and consequently B, (x) C Q. Since every « € Q lies in
such a ball, we can cover the rectangle by these balls,

Q= B (@)

xzeEQ

and deduce Q € T, i.e. @Q is open in the canonical topology (Example 2.1). In particular, every
rational open rectangle Q € R is open, hence Borel by Definition 2.2. Thus R C T (see also
Proposition 2.1).

Set Operations

If P, and P, are properties of elements of €2, then we have

e {weQ:P(wAP(w)} ={weQ: Pw)}N{weQ: P(w)} (0.2)
e {weN:P(w)VP(w}={weN: PA(w)}U{weN: P(w)} (0.3)
e {weN:-P(w)}={weQ: P (w))}" (0.4)

Cartesian Product

Definition 0.1. The Cartesian product of two sets A and B is the set

Ax B={(a,b):a€ ANbE B}

i.e., the set of all ordered pairs (a,b) with a € A and b € B. <
We have

(A1 X A2) N (Bl X Bg) = (Al N Bl) X (AQ N Bz) (0.5)
since

(z,9) € (A1 X A2) N (B1 X B2) <= (z,y) € A1 X A2 A (x,y) € B1 X Ba
— (€ AiANye )N (x€BiAyE By)
<~ (z€AiNzeEBI)AN(y€ As Ny € By)
< z€AiNBiANy€ AN By
< (z,y) € (A1 N B1) x (A2 N B2)

But in general
(A1 X Az) U (Bl X B2) 75 (Al @] Bl) X (A2 @] Bg) (0.6)
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De Morgan’s Laws

Let (A;)ier be a family of subsets of Q, where I is an arbitrary, possibly countably or uncount-
ably infinite, indexing set.

‘We have We have
C C
(ﬂ A,) =JA? (0.7) (U Ai> =4 (0.8)
il iel i€l iel
since since
C C
xE(ﬂfL-) <:>$¢DA1 $€<UA1') <:>1'¢UAZ
il iel il el
— ~(Viel:ze ) — -(Fiel:zc i)
<~ Jiel:x ¢ A — Viel:x¢ A,
— Jicl:zc A — Vicl:zc A
= zeJA = ze[)A
iel il

Limit Inferior and Limit Superior

Let (An)nen be a sequence of subsets of 2 and let N € N be fixed.

We have We have
limiann:[j ﬂAn: fj ﬂAn limsupAn:ﬁ UAn: ﬁ UAn
noee k=1n>k k=N n>k n—oo k=1n>k k=N n>k

because removing finitely many initial condi- because removing finitely many initial condi-
tions does not change the set of elements that tions does not change the set of elements that
belong to all A,, eventually. belong to infinitely many A,,.

Convergence of Functions

Let F be a set and let f, (fn)nen be functions £ — R.

Definition 0.2 (pointwise convergence). We say that f, converges to f pointwise on F, de-
noted by fn 225 f, if
lim fn(z) = f(z)

n—r00

for every x € E.
Equivalently, for every € E and every € > 0, there exists N = N(z,¢) € N such that

n>N = |fu(z) - f(z)] <e <

Definition 0.3 (uniform convergence). We say that f, converges to f uniformly on E, de-
unif.

noted by f, — f, if
n—oo

sup | fn(x) — f(z)] ——0
z€E

Equivalently, for every ¢ > 0, there exists N = N(g) € N such that
n>N = |falz) - f(z)|<e
for every x € E. <

In particular, uniform convergence implies pointwise convergence, but the converse is false in
general.

Example 0.1. Let f, :[0,1] — R be given by fa(z) = 2". Then f, ©"% 1, on [0, 1], but
the convergence is not uniform, since sup,¢(o 1) [fn(z) — 1{13(z)| = 1 for every n € N. <
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1 Probability Spaces

1.1 Measurable Spaces

Let € be a non-empty set. We call 2 the sample space, which specifies the possible outcomes of
a random trial.

Based on the elementary outcomes w € €2, one can also consider more complex events A C €,
which are based on the usual set operations.

If P is a property of elements of €2, then the set
{weQ:Plw)} CQ
is the subset of all elements w € 2 for which P is true. Furthermore, for A C ), we write
AC ={we:w¢ A}

for the complement of A in Q. The complement of 2 is the empty set @. Given two sets A, B C
Q, we further define their union by

AUB:={weN:weAorwe B}

their intersection by
ANB:={weQ:we€ Aandw € B}

and their difference by
A\B:=AnB"

The collection of all possible subsets of € is called the power set of €2 and is defined as
2% .= {A: ACQ}

We are often interested in certain subsets of the sample space. To work with these subsets, we
define a collection of events that is closed under the usual set operations.

Definition 1.1 (Algebra). A set F C 2% is called an algebra on  if
(i) Qe F
i) Ace F=>Ale F
(iii) A, Be F=AUBeF
The sets A € F are called events. <

U-stable

semiring

The smallest algebra is {@, Q}. Since for any algebra F C 2%, 2% is the largest algebra. Note
that any algebra is also closed under intersection, since AN B = (A% U B%)C (De Morgan).

Proposition 1.1 (Algebras from partitions). For a partition II of a finite set 2, the associ-

ated collection
}'(H)::{ U E:H/gn}

Eerr’

is an algebra on 2. <
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Proof. e Since II is a partition of 2, we have Q = |Jgz . £, so by choosing II' =11, we
obtain € F(II). v

e Now let A € F(II). Then there exists II4 C IT such that A =Jpcy;, E. Since the blocks
of a partition are pairwise disjoint and cover €2, we obtain

AC_Q\A_<UE>\< U E>_ U &

E€ll E€lly E€T\IT 4

which is again a union of blocks. Hence A® € F(IT). v

e Finally, let A, B € F(II). Then there exist IT4,IIp C IT such that A = UEEHA E and B
=Ugen, £- Therefore,

AuB_<UE>U<UE>_ U &
E€llzg Eecllip E€ll,Ullg
and since 114 U Il C II, this shows that AU B € F(II). v O

Example 1.1 (Different information = different algebras). Alice generates two random bits.
The sample space therefore is
Q ={00,01,10,11}

Alice observes the exact outcome
14 = {{00}, {01}, {10}, {11} }
hence her observable events are all subsets of 2:

Fa=FIla) = 2

Bob is only told the number of ones in the two bits. This induces the partition

s = {{00}, {01,10}, {11}}

of the sample space §2. Therefore Bob can only observe events that are unions of blocks of Ilg,
i.e., the algebra generated by Ilp:

Fg = Fg) = {w, {00}, {01, 10}, {11}, {00, 11}, {00, 01,10}, {01, 10,11}, 2}

Cindy is only told whether the bits are equal or different. This induces the coarser partition
e = {{00,11},{01,10} }
hence her observable events form the algebra:
Fe = F(le) = {o,{00,11}, {01, 10}, Q}

We have
Fa D Fs D Fe

expressing that more information corresponds to a finer partition and thus a larger algebra of
observable events. <

Often, we encounter situations with infinitely many events and we want to assign probabilities
to the case that all of them occur simultaneously. This is possible, as long as the number of
events involved is at most countably infinite.

Definition 1.2. A set S is countable if S = @ or there exists a surjection f: N — S. <

Theorem 1.2. The Cartesian product of two countably infinite sets is countably infinite. <
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Proof. Let A and B be two countably infinite sets. Then there exist surjections fa : N — A
and fp : N — B. We can define a surjection f: N — A x B by

f(n) = (fa(p(n)), f5(p2(n)))

where pi(n) and p2(n) are the row and column indices of the n-th element in the diagonal enu-
meration of N x N, i.e.,

n ‘ 1 2 3 4 5 6 7 8 9
pin) |1 2 1 3 2 1 4 3 2
pe(n)y|1 1 2 1 2 3 1 2 3
This shows that A x B is countable. O

Definition 1.3 (o-algebra). A set F C 2 is called a o-algebra on Q if
(i) F is an algebra (Definition 1.1) on Q
(ii) for any A1, Az, - € F we have | J2, Ai € F

The sets in F are called measurable and the tuple (€2, F) is called a measurable space. <

Remark 1.2. Let Z be an index set, which may be uncountably infinite, and let A; C 2 for
each ¢ € Z. We denote the union of A; over ¢ € Z by

UAi ={weN:we A for someic T}
i€eT
and the intersection of A; over i € Z by
mAi ={weN:we A foral i}
i€T

If 7 is countable, e.g. Z = N, we often write | J;-, A; and [;2; A to represent the union and
intersection of A; over i € Z, respectively. |

Example 1.3 (Co-finite algebra). Let Q@ = N and denote by F the collection of subsets of N
that are finite or co-finite, i.e.,

F={ACN:|A] < or |A% < o}

Then F is an algebra, but not a o-algebra, e.g. the sequence {2}, {4}, {6}, ... is contained in F,
but Jo, {2} ¢ F. <

Recall that for sequences of real numbers, the limit inferior and limit superior are defined as

liminfz; := lim inf z; and limsupx;:= lim supz;
i—00 n—ooi>n i— 00 n—00 ;>

Definition 1.4. Let A1, As,... be a sequence of subsets of 2. The limit inferior and limit
superior of this sequence are defined as

liminf A; := G ﬁ A and limsup A, := ﬁ G A
oo i=1 k=i P00 i=1 k=i

respectively. <

If w € liminf; . A;, we say that “w is in A; eventually”, i.e., for all but finitely many 4, whereas
w € limsup,_, ., A; means that “w is in A; infinitely often”, i.e. for infinitely many i. We have

liminf A; C limsup A; (1.1)

12— 00 i— 00

The power set 2 is always the largest|o-algebra on Q! In contrast, the smallest o-algebra is
given by F = {@, Q}.
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Theorem 1.3 (Generated o-algebra). Let A C 29 If we define the set , .
A is a family of

subsets of Q

M :={F|ACFC2?and Fis a o-algebra}

the smallest o-algebra such that A C o(A) is given by

a(A) = ﬂ F

FeMm

which is called the DI <

Proof. M is non-empty since A C 2. ¢(A) is a o-algebra:
e By Definition 1.1 (i), 2 € F for all F € M, which means that Q € o(A). v/

o If Aeo(A), then A € F for all F € M. By Definition 1.1 (ii), this implies A% € F for all
F € M and, hence, AL e o(A). /

o Let A, € 0(A) for all n € N. Then A, € F for all n € N and each F € M. By Defini-
tion 1.3 (ii), this implies

for each such F. Therefore, A € o(A). v/
Moreover, if A € A, then A € F for all F € M, so A € a(A).
For minimality, let G be a o-algebra with A C G. Then G € M, hence

o(A)= (] FCg

FeM
implying that o(.A) is the smallest o-algebra containing .A. O
Lemma 1.4 (Monotonicity). Let A,C C 22 with A C C. Then o(A) C o(C). <
Proof. Since ¢(C) is a o-algebra containing C, it also contains .A. By the minimality of o(.A)
(Theorem 1.3), we obtain o(A) C o(C). O
Corollary 1.5 (Idempotency). For every A C 22 o(c(A)) = o(A). <

Proof. Since A C o(A), monotonicity (Lemma 1.4) yields o(A) C o(c(.A)). On the other
hand, o(A) is itself a g-algebra containing o(A), so by minimality of the generated o-algebra,
o(o(A)) C o(A). Thus equality holds. O

Example 1.4. Let (1, F1) and (€2, F2) denote two measurable spaces (see Definition 1.3).
The product o-algebra is defined as

Fi1®Fz = 0({A1 x Az : Ay € F1, Az € Fa})

Note that the family
{A1 X Ag i A1 € ]:17A2 S .7:2}

is not a o-algebra in general. Intuitively, it corresponds to the fact that while rectangles are
closed under intersections the same is not true for unions. The union of two rectangles in gen-
eral is not a rectangle.

Hence the family is not even an algebra, and therefore certainly not a o-algebra. If it were
closed under complements, closure under unions would follow by De Morgan’s laws, leading to a
contradiction. It is, however, a semiring (Definition 2.5) of subsets of Q1 x Q. <
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Example 1.5. Let Q1 = Qo =Nand F1 = F2 = 2N, Consider

R::{A1><A2:A16.7‘—1, AQE]‘—Q}

Define R, := {n} x {n}, n € N. Clearly, {n} € 2%, so R, € R for all n € N. Consider
D = U R, ={(n,n):n e N}
neN
which is the set of integer points on the diagonal of N x N.

We claim that D ¢ R. Indeed, suppose D = A x B for some A, B C N. Now take any ni,ns €
N with n1 # na. Since (n1,n1) € D, we have n1 € A and n1 € B. Since (n2,n2) € D, we have
n2 € A and ns € B. Thus, n1,n2 € A and ni,n2 € B, hence (ni,n2),(n2,n1) € Ax B=D, a
contradiction.

Thus R is not closed under countable unions and therefore not a o-algebra. |

1.2 Measures

Introducing the concept of a measure, we can assign volumes to sets.

Definition 1.5 (Measure). Let (2, F) be a measurable space (see Definition 1.3). A set func-
tion 1 : F — [0, 00] is called a im0 if

(i) p(@) =0,

(ii) for any A1, Ag,--- € F with A; N A; = & for i # j, there holds the o-additivity
n(UJA) =D A (1.2)
i=1 i=1

A measure p is called o-finite if there exists a sequence Aj, Az, --- € F such that Q = [J;2, A
and p(A;) < oo for all ¢+ € N. It is finite if u(Q2) < oo. The triple (Q, F, ) is called a measure
space. <

Remark 1.6. If a measure assumes the value oo, we make the convention co + co = oo and
o0 + ¢ = oo for any ¢ € R. <

Definition 1.6 (Counting measure). Let € be a countable set and consider the measurable
space (£2,2%). We define the set function p which assigns a set A € F its cardinality, i.e.,
u(A) = |A|. The set function p is a measure called the counting measure. <
Example 1.7. Consider (N,2", 1) where u(A) := |A] is the counting measure on N.
(a) p is a measure because:
(i) p@) =l2/=0.v

(ii) For pairwise disjoint (A;):;en we have

4)-f

i=1
in all possible scenarios:
e |Ai| = oo for some k’s, i.e. some A have countably infinitely many elements. v/
o |Ag| < oo for all k and |Ag| > 0 for infinitely many k. v/
o |Ai| < oo for all k and |Ag| > 0 for finitely many k. v/

(b) We can choose A; := {i}. Then |J;2; Ai = N and p(A;) = |{i}| =1 < oo for all 4 € N.
Hence the counting measure is o-finite.

disjoint Z |A;| = Z,u,(Ai)

i=1 =1

(¢) But p(N) = |N| = o0, so it is not finite. <
To assign probabilities to events, we consider the following specialization of a measure.

Definition 1.7 (Probability space). Let (€2, F,u) be a measure space. If 4(Q2) = 1, we call
(92, F, 1) a probability space and p a probability measure. In this case, we usually denote p by
P. <
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Example 1.8 (Discrete probability space). Let Q = N. Suppose p1,p2,... are a sequence of

nonnegative real numbers such that
oo

Spi-

For any A C 2, we define

P(A) = Z Di

i€A
Then, the set function P : 2° — [0, 1] is a probability measure and (,2%,P) is a probability
space. <

Theorem 1.6 (monotonicity). Let (€2, F, 1) be a measure space. Let A, B € F with A C B.
Then,

1(A) < u(B) (1.3)
<

Proof. We have B = AU (B\ A), whereby the sets A and B\ A are disjoint. By (1.2), we
have

u(B) = p(A) + u(B \ A)
and since u(B \ A) > 0 by definition, it follows that u(B) > u(A). O

Corollary 1.7. Let (2, F, u) be a measure space. Let A, B € F with A C B and p(A4) < oo.
Then,

u(B\ A) = u(B) — p(4) (14)

N

Proof. The sets A and B\ A = BN A® are disjoint. Since A C B, we have B = (B\ A) U A.
By (1.2),
w(B) = p((B\ A)UA) = u(B\ A) + u(A)

Since p(A) < oo, subtracting p(A) yields the claim. O

Theorem 1.8 (A-inequality). Let (92, F, 1) be a measure space and let A, B € F. Then,
1(AU B) < p(A) + p(B)

which can be interpreted as a triangle inequality. <

Proof. There holds AUB = AU (B \ A), which yields

(AU B) = p(AU (B\ 4)) = p(4) + u(B\ A) < u(A) + u(B)

CcB

by Theorem 1.6. 0O

Theorem 1.9 (countable subadditivity). Let (2, F, 1) be a measure space and let Ay, Az, --- € F.
Then

n(UJA) <D na) (1.5)
i=1 i=1 <
Proof. Define o
Bi=A\ 4
j=1

where we set ngl Aj =@ for i = 1. Then B; € F, the sets B; are pairwise disjoint, B; C A;
for every ¢, and

M(D Az) IN(U B@-) =§:M(Bz) Siu(ﬁlz) -
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Theorem 1.10. Let (2, F, 1) be a measure space and let
A1 CAxC--€F

be an increasing sequence of sets. Then,

lim p(4) = (| J A) (1.6)
i—00 i1
which can be seen as lcontinuity from below for sequences of sets. <

Proof. We set By := A; and BZ-_ := A; \ Ai—1 for ¢ > 1. Then, the sets B; are mutually dis-

joint by construction and A; = {J;_, B;. By o-additivity (1.2), we infer

im0 = Jim (U ) = tim 3 p(5)
j=1 i=1
[eS) (1.2) [eS) oo
= By = M(U Bj) = M(U Az’)
j=1 =1 i—1
where we used the fact that | J;2, Bs = |J;=; As in the last step. O

Theorem 1.11. Let (2, F, 1) be a measure space and let
A1DA2 D €F

be a decreasing sequence of sets. Further assume that u(A;,) < oo for some ig € N. Then,

ggm&wa4QA0 (1.7)
which can be seen as continuity from above for sequences of sets. <
Proof. Ifig =1, set B; := A; \A,- for i =1,2,.... The sequence By C Bz C ... is increasing
and satisfies

p(Bi) = p(Ax) — p(Ai) (1.8)

by (1.4) since A; C A;. In addition, we have

Ar\ (D B) = Ain (G Bi)c @9 4N (ﬁ BY) = ﬁ(Al A BY)

=1 =1 =1

I
o)

Il
—

(AN (AN ADY) = (AN A) =) A (1.9)

2 =1 i=1

which can be visualized as follows:

Thus,
Tim pu(As) = p(Ar) = (u(Ar) = lim p(As)) = p(Ar) = lim (u(Ar) = p(As))
) — dim (B 2 ) - (U B) (A (U B)

i=1 i=1
1oy /.~
2,71
i=1

If ip > 1, we apply the same argument to the tail sequence starting at ig. Since removing finitely
many sets from a decreasing sequence does not change the intersection, we have ﬂi"iig A; =
o1 Ai. Hence, lim; oo p(Ai) = p(Nie;. Ai) = u(Nomy Ai)-

i=ig

10



1 Probability Spaces

Example 1.9 (Why finiteness is necessary). Consider (N, 2", 1) with counting measure z(A)
= |A] as in Example 1.7, and define A; := {n € N:n > i}.

(a) The sequence (A;)ien is decreasing, since
Ai={i}U{neN:n>i+1} ={ifUA
and therefore A1 C A; for all ¢ € N.
(b) Every A; is (countably) infinite, so u(A;) = oo for all ¢ € N.

(¢) Assume for contradiction that this is not the case. Then there exists some n € N such
that n € A; for all ¢ € N. However, n ¢ A,, for all m > n by definition, a contradiction. #
Thus 2, 4; = @.

(d) From (b), we have pu(A;) = oo for all 4 € N. Thus lim; o 1(A;) = 00, but from (c) we

have
M(O A;) = (@) = |2 =0

so continuity from above fails here. This does not contradict Theorem 1.11, since the
finiteness assumption fails: there is no i9 € N such that p(A4;,) < co. <

The properties in Theorems 1.10 and 1.11 are known as continuity from below and from above.
If we want to indicate that (A;){2, is an increasing sequence of sets with union A, we write
A; /M A. To indicate that it is a decreasing sequence of sets with intersection A, we write A; \,
A.

We have the following unifying result.

Theorem 1.12. Let (2, F, ) be a measure space and let A1, As,--- € F be a sequence of
sets. Suppose that
liminf A; = limsup 4;

1—00 i— 00

and denote that set by lim A;. Then, if u(U;Z, Ai) < oo for some ip € N, we have
1—> 00
lim p(A;) = u( lim Ai)
12— 00 i — 00

More generally, if M(U‘;;.O A;) < oo for some ip € N, we have

,u(lim inf Ai) <liminf p(A;) < limsup pu(A4;) < ,u(lirnsup Ai)

1—00 100 i—00 i—00

<

Proof. We prove the general statement, which implies the first one in the case that the limit
inferior and limit superior coincide.

A general property for any sequence of real numbers is that liminf; . z; < limsup,_, . i, so
the central ‘<’ in the statement is satisfied.

For the remaining inequalities, we introduce

Note that {B;}:2, is an increasing, while {C;}{2, is a decreasing sequence of sets. By Defini-
tion 1.4, we have

Left ‘<’: For k > i, we have B; C Ay, and hence, by Theorem 1.6, u(B;) < u(Ax), whenever
k > 4. This yields
p(Bi) < inf pu(Ax)

Taking the limit ¢ — co and using Theorem 1.10, we obtain

,u(li_m inf Ai) d:ef,u(U Bi) ) i w(Bi) < lim inf p(Ag) Lef lim inf ©(A4;)
1—> 00 i—1 1—r

i—>00 i—00 k>i 0

11



1 Probability Spaces

Right ‘<’: For k > i, we have C; D Aj, and hence, by Theorem 1.6, x(C;) > u(Ag), whenever
k > 4. This yields

w(Ci) = sup p(Ax)
k>

Taking the limit ¢ — oo and using Theorem 1.11, we obtain

u(lim sup Ai) dZEf,u(m Ci) D i w(Cs) > lim sup u(Ax) < im sup w(As)
i=1

i—o0 i—oo P00 k> i—o0

This concludes the proof. O

To conclude this section, we remark that is impossible to define a probability measure that
models the unifrom distribution for all subsets of [0,1]. A non-measurable subset is, for exam-
ple, the Vitali set.

Fact 1.13. There is no translation invariant measure p : 2011 [0,1], i.e.,
A+ ) = u(A)

for all A C [0,1] with A+ z € [0,1], z € R such that
u(la,b) =b—a

for all a < b. <

12



2 Lebesgue measure

2 Lebesgue measure

2.1 Borel sets

While o-algebras formalize measurability, we often require concepts related to continuity. The
latter is assessed by means of a topology. To bring these two concepts together, one considers
the o-algebra generated by a topology.

Definition 2.1 (Topology). A set 7 C 2 is called a topology on  if
(i) 9,QeT
(if) 01,02 €T = 01N02€T

(i) ACT = (Upen0) €T

Sets O € T are called open and sets A with A% € T are called closed. The tuple (Q,7) is a
topological space. <

Example 2.1. In the case Q = R? for some d € N, the EECHSEEEEEIeES i induced by the
Euclidean norm

lzllz =

This is seen as follows. Define the ball
B(z) ={y €R*: |y —all» < r}
with radius 7 > 0 and center & € R%. Then, for the union of all these balls

G={B.(x): xR r>0}C 9"

~{(u) |

Definition 2.2 (Borel sets). Let (©2,7) be a topological space (Definition 2.1). The o-field
generated by 7 (Theorem 1.3), i.e., B(Q2) := o(T), is called the Borel o-field and the sets in
B(R2) are called Borel sets. <

there holds

Caution 2.2. Let (©,7) be a topological space. Since the o-algebra generated by T contains
T, we have

T Co(T)=B()
i.e. every open set is a Borel set. In general, however, not every Borel set is open! |

Example 2.1 (continuing). The Borel o-algebra B(Rd) can also be generated by any of the
following sets

{B.(z): x € R r >0}
{ACR": Ais open} {ACR”: Ais closed} {ACR": Ais compact}
{B.(z):z € Q% reQ"}
{(a,b):a,beQ?a<b}  {[a,b:a,bcQ’a<b}
{(a,b]:a,be Q% a<b} {[a,b):a,becQ?a<b}
{(—o0,b) : b e Q%} {(a,0) : a € Q%}
{(=00,0]: b€ Q"}  {[a,0):a€Q’}
that is
B(R") = 0(£)
for any of the above sets £. Recall that a set is compact if it is closed and bounded, where the
latter means that it fits inside a ball of finite radius (Definition 2.7). Moreover, for a,b € R?,

we write @ < b if and only if a; < b; for alli =1,...,d. For a < b, we define the open rectangle
as the Cartesian product

d
(av b) =X (aia bl)
i=1
and [a, ], (a,b], [a,b) are defined analogously. At the open end of intervals, we allow for —oo
and oco. <

13



2 Lebesgue measure

Remark 2.3 (Open sets in Rd). Let G C R?. By Example 2.1, G is open in the canonical
topology if and only if for every @ € G there exists r > 0 such that B, () C G. Equivalently,
every point of an open set is an interior point. <

Proposition 2.1 (Rational open rectangles generate the Borel o-algebra). Let
R={(a,b):a,bec Q% a<b}
Then
(a) R is countable
(b) every open rectangle (a,b) C R? can be written as a countable union of elements of R
(c) BR") =0o(R) <
Proof.

(a) An element of R is determined by a pair (a,b) € Q% x Q% with a < b. Since Q is count-
able, Q¢ is countable, and therefore Q¢ x Q¢ is countable as well (see Theorem 1.2). Hence
every subset of it, in particular R, is countable.

(b) Now let (a,b) be an open rectangle in R, i.e. (a,b) = XL, (ai,b;). We claim that

(@b)= |J (@n

q,r€Q?
a<g<r<b

where we note that {(g,7) € Q9 xQ%:a < g<r <b} C RC Q?xQ% ie. the index set
of the union is a subset of a countable set. Hence the union is over a countable index set.

‘D% Let @ € (q,7) for some a < g < r < b. Then for every i = 1,...,d,
a; < g <xp <1 <b;
and therefore x € (a, b).

‘C’: Let « € (a,b). Then for every coordinate ¢, by density of Q in R, there exist g;,r; €
Q such that a; < ¢; < x; < r; < b;. Setting ¢ = [q1,...,4qd], = [r1,...,74], we ob-
tain

a<g<zx<r<b
and hence « € (g, ). Since this rectangle appears in the union on the right-hand

side, we conclude that € J _ ,cqe (,7).
a<g<r<b

Thus every open rectangle in R? is a countable union of elements of R.

(c) ‘C’ Let U C R? be open, i.e. U € T. By Remark 2.3, for every @ € U, there exists r > 0
such that B,(z) C U.

We construct an open rectangle around « contained in B (x). Let p > 0 such that

r P N
p< —= y
Vd |
/ T
and define (a,b) := (x — p1, & + p1). Then Vz € (a,b), we have | | » . val !
1
[
d d \\: s 7///
lz -zl = Z(Zi—l’i)2< S pP=Vdp<r \\\\‘7’79/{)
=1 r(x

i=1

so z € By(x). Hence (a,b) C B,(z) CU.

By part (b), (a,b) can be written as a countable union of elements of R. Thus for
every x € U, there exists Q € R with x € Q C U.

v=J @

QER
QCU

All these rectangles cover U, i.e.,

and this union is countable since R is countable. Therefore U € o(R). Hence T C
o(R) and by Lemma 1.4, B(RY) = ¢(T) C o(R).

‘D’: Every set in R is an open rectangle, hence open in R?, and therefore Borel by Defi-
nition 2.2. Thus R € B(R?). By Lemma 1.4, ¢(R) C B(R%). a

14



2 Lebesgue measure

Proposition 2.2 (Open sets as countable unions of balls). Let G C R? be an open set in the
canonical topology (see Example 2.1). Then:

(a) for every @ € G there exists r > 0 such that the open ball
Bi(@)={y eR": |y —z|2 <7}
is contained in G, i.e. By(z) C G.

(b) G can be written as a union of such balls, i.e.

G=J Biw(@
zeG

where for each € G, we choose r(x) > 0 such that B,(4)(x) C G.

(¢) G can be written as a countable union of balls with rational centers and rational radii, i.e.

G= B, (zn)

s

n=1

with @, € Q% and r, € Q7. <
Proof.

(a) Since G € T, 3A C G such that G =J,. 4 A. Soif z € G, then & € A for some A € A,
i.e. © € Br(z) for some z € R%, R > 0.

// N
TN AN
/‘/’Rz) R,
TN |
\ 1
Br(z) y
‘. _.'Br(»

If we choose 7 = R — || — z||2 > 0, then B, (z) C Br(z) C G, since for any y € B,(x),
ly = 2lls < lly — llo + & — 2llo = lly — @l + R—r <r+R—r =R
by the A-inequality.
(b) ‘C Ifx € G, then || —x|2 = 0 < r(x), hence & € By(a)(x), s0 € U, Briz)(2)-

D" Ifx €U, cq Br(z)(2), then Jy € G such that x € B,(y)(y). Since B,(y)(y) C G by
(a), we get « € G.

(c) Let € G. By (a), there exists 7 > 0 such that B,(z) C G. By the density of Q% in R?,
choose q € Q¢ with ||z — q|2 < 5. By the density of Q in R, choose s € QT such that
lz — gll2 < s <r—|&—q|l2. Then x € Bs(q). Moreover, by the A-inequality, for every
ye Bs(q)7

ly —zllz <[y —alz+llg -2z <s+llg =z <r

hence y € B,(x). Therefore B;(q) C B,(z) C G:

Thus every @ € G lies in some ball By(q) with q € Q%, s € Q", and B,(q) C G. Hence

¢= |J B

qcQ?, seQt
Bs(q)CG

and since Q¢ x Q7 is countable (Theorem 1.2), the union is over a countable set. Hence
we can enumerate it as G' = (J°°, By, (z,) with z, € Q% and r, € Q". O
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2 Lebesgue measure

Definition 2.3 (Topological Continuity). Let (X, 7x) and (Y, 7y ) be topological spaces. A
function f: X — Y is called topologically continuous if for all open subsets V' € Ty the preim-
age

')y ={zeX: flz) eV}

is an open subset of X, i.e., f1(V) € Tx, visualized as follows:

f

Definition 2.4 (e-6 Continuity). A function f: R — R is called continuous at z¢ € R if for
every € > 0 there exists § > 0 such that |z — z0] < § = |f(z) — f(z0)| < . A function is
called continuous if it is continuous at every point in its domain. |

<

Proposition 2.3. For a function f : R — R topological continuity is equivalent to the usual
e-d-continuity. <

Proof. We show both implications.

=: Fix 0 € R and £ > 0 and consider V := (f(x0) — €, f(z0) + €), which is an open subset of
R. Hence by topological continuity also f~(V) is open. Since f(z0) € V, we have zo €
F7H(V). As f71(V) is open, there exists § > 0 such that (xo — &, 20 + &) C f~1(V):

fzo)teq === === === === ===
IE

f(=zo)
Is
f(zo)—ey-

Therefore, if |z — zo| < J, then 2 € f~1(V), so f(z) € V = (f(z0) — &, f(z0) + €), and
thus | f(z) — f(z0)| < e. Hence f is e-d-continuous at zo. Since zo was arbitrary, f is e-d-
continuous everywhere.

<: Let V C R be open. Take any xo € f~*(V). Then f(z¢) € V. Since V is open, there ex-
ists € > 0 such that (f(zo) — ¢, f(z0) +¢) C V. By e-d-continuity at zo, there exists 6 > 0
such that |z — 20| < § = |f(z) — f(zo)| < e

P

I

2 ¢ 210 i\

r\ ——t % T
I I

I I

I I

This implies that for all z € (zo — 8, o + 0), we have f(x) € (f(zo) —¢, f(zo)+¢) CV, so
(o — 6,20 + ) C f~H(V). Since zo was arbitrary in f~'(V), it follows that every point
of f71(V) is an interior point, and therefore f~'(V) is open. Hence f is topologically
continuous.

This proves the equivalence. O
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2 Lebesgue measure

2.2 Construction of the Lebesgue-Borel measure

Given a cuboid of the form [a, b], (a, b], [a,b) or (a,b), it seems natural to assign the volume

d

w(la,b]) = u((a, b)) = u(la,b) = p((a,b)) = ] (b - a:)

=1

to it. In the following, we will see that this set function can uniquely be extended to B(R?) in a
unique fashion. The resulting extension is called Lebesgue-Borel measure (Theorem 2.6).

Definition 2.5 (Semiring).
(i) €S
(i) A, BeS = ANBeS

(iii) A,B€S,BC A = there exist C1,..

A set S C 29 is called a semiring if

.,Cn € §,C;NC; = @ such that

A\B = Ln)ck
k=1

Overview over set systems:

Topology T C 2%

Algebra A C 2%

o-algebra F C 29

Semiring S C 2%

e, Qe T e, Qe A e, Qe F e eS8
e finite intersections: e complement: e complement: e finite intersections:
Nf_10; €T Al c 4 Al c 7 Nj—, A, €8

e arbitrary unions:

Uicr 0 €T

eif B C A, then
A\ B =Up_; Cg
for disjoint Cp € S

e finite unions/intersec’s:
Uiz A; € A
Ni—1A; €A

o countable unions/intersec’s:
Use, 4, € F
N2, 4i €7

(2, F): measurable space

(2, T): topological space

Smallest: {@, Q}
Largest: 252

Smallest: {@, Q}
Largest: 2%

Smallest: {@, Q}
Largest: 2%

Smallest: {2}
Largest: 22

Example 2.4 (Half-open rectangles). Let d € N. The half-open rectangles

C=1{(a,b]:a,bec R a<b}

da
form a semiring: by €1

B |di
(i) = (a,a]leC. v/ ati -

b
(ii) Let A = (a,b], B = (¢,d] € C. Then az

ANE - %) if a; > d; or ¢; > b; for some i =1,...,d
(max(a, ¢), min(b,d)] otherwise

where max and min are taken componentwise. In both cases, ANB €C. v/

(iii) Let A = (a,b] and B = (e, 8] be in C with B C A. For every dimension i = 1,...,d, de-
fine three intervals

Li(L) = (ai, o]

L(M) = (as, 8i)]  Li(R) = (B4, bi]

where we use the convention that I;(-) = @ if the left endpoint is equal to the right end-
point (Since B C A, it cannot be greater than the right endpoint). Every vector s =
[51,...,84] € {L, M, R} corresponds to a rectangle

d
C(s) = X ILi(s;)

i=1
which is in C. Note that rectangles corresponding to different vectors are disjoint. Further-
more, the rectangle corresponding to s = [M, ..., M] is exactly B, i.e. C([M,...,M]) =B
and the union of all rectangles corresponding to all possible 3¢ vectors s € {L, M, R}d is
exactly A, i.e. Useqp ar,rya €(s) = A. Therefore, we can write A\ B as

by
R B
Ai
aB= {J ) S e
se{L,M,R}? oy
s#[M,...,M] L

where s = [s1,...,sq] and s; € {L, M, R} for i = 1,...,d. The union is over (at most)
391 sets, hence finite. v/ <
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2 Lebesgue measure

Similarly to measures (see Definition 1.5), we define the following properties of set functions on
semirings

Definition 2.6. Let S C 2 be a semiring and p: S — [0, 0] be a set function. We say that
s
(i) additive if for any Ay,..., A, € S with A; N A; = @ for i # j and J]_, A: € S, there

holds . .
0 <U Az‘) = ZM(Ai)

(i) o-subadditive if for any A € S and any A1, Aa,... € S with A C [J;2, A; (i.e. they cover
A), there holds

p(A) <> p(A)
i=1
(ili) o-finite if there exists a sequence Ay, Az, ... € S such that Q = J;2, A; and p(Ai) < oo
for all s € N. <
On a semiring, additivity is sufficient to guarantee finite subadditivity:

Lemma 2.4. Let S C 2 be a semiring and p : S — [0, o0] be an additive set function. Then
p is also finitely subadditive, i.e. for any A € S and any Ai,..., A, € S with A C J_, 4,
there holds

n(A) < ZM(Ai)

<
Proof. Define
k—1 k-1
Bi = Ap\ [J Ai = [ (A \ (Ax N A2))
i=1 i=1
for k =1,...,n, where we use the convention that U?:l A; = @. This is the standard disjoin-

tification of A1,..., A,, i.e.

|| B = A

k=1 k=1
and By, N Bi, = @ for k1 # k2, which is emphasized by the symbol ‘| |".
For every k=1,...,nand every i = 1,...,k — 1, we have Ay N A; € S by Definition 2.5 (ii).
Hence, by Definition 2.5 (iii), each set Ax \ (Ax N A;) is a finite disjoint union of sets in S.
Therefore, By, being a finite intersection of such sets, is a finite union of sets in S. Refining this

finite union if necessary, there exist ¢, € N and pairwise disjoint sets Cy,1,...,Ck,c, € S such
that
Ck
By = |_| Ck,i

=1

Now consider
k—1 k—1

A\ By = A0 [ J A = (AN 4)

i=1 i=1

Since each Ax N A; belongs to S, the set Ay \ By is a finite union of sets in S. Refining again if
necessary, there exist di € N and pairwise disjoint sets Dy 1,..., Dk, € S such that

dy
Ap\ B = |_| Dys
i=1
Since

is a disjoint union, additivity yields

w(Ax) = ZM(Ck,i) + ZM(Dk,i) > : #(Ch,i)

18



2 Lebesgue measure

Moreover, the sets Bi, ..., By, are pairwise disjoint and

reya=fo-ie

H
uIIS
“IZ??

—

[\

=

=

Hence

= |i||_k| C}w,ﬂA
b1 i1

where the union is disjoint. By additivity, we have

ZZ/JCkzmA <ZZMC;H < (Ak)

k=1 i=1 k=11i=1 k=1

Hence p is finitely subadditive. O

Theorem 2.5 (Carathéodory Extension). Let S C 2 be a semiring and
w:S — 0,00

be an additive (i), o-subadditive (ii) and o-finite (iii) set function with p(@) = 0. Then there is
a unique o-finite measure

a:o(S) = [0,00]
such that i(F) = u(F) for all E € S. <

Example 2.5. Let (Q;, Fi, i), i = 1,...,n be measure spaces (Definition 1.5). As in Exam-
ple 1.4, we set

Q=X
i=1

n

F-@ri—o({%a-aer))

If all measures p; are o-finite (iii), then there exists a unique measure u = @_, p; called the

product measure such that
” (x Ai) — i) (2:2)
i=1 i=1 <

Using Theorem 2.5, we are now able to prove the following result:

Theorem 2.6. There exists a uniquely determined measure A% on (R¢, B(R?)) with the prop-
erty that

d
X((a,8]) = [J(bi = a2)
i=1
for all a,b € R? with a < b. The measure A? is called the Lebesgue-Borel measure. <

Definition 2.7. A set K C R? is called bounded if there exist € R? and r > 0 such that
K C B.(x)
where B,.(x) is the open ball defined in Example 2.1. <

Definition 2.8. An open cover of a set K C R is a family (O;)ier with O; € Trforaliel
such that
KclJos
i€l
A finite subcover is a finite subfamily O;,, ..., O;, with

in

k=1 <
Remark 2.6. In R?, the following definitions of compact sets are equivalent:
e K is closed (Definition 2.1) and bounded (Definition 2.7)
e every open cover of K admits a finite subcover

This is the Heine—Borel theorem. <

LT denotes the canonical topology on R?, see Example 2.1
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2 Lebesgue measure

Proof (of Theorem 2.6). Let C be the semiring of half-open rectangles from Example 2.4, and
define

1((a, b)) =[] - ay)

This set function p is additive, since the volume of a box equals the sum of the volumes of
finitely many disjoint boxes forming it. Hence, in order to apply Theorem 2.5, it remains to
verify that p is o-subadditive and o-finite.

We first show o-subadditivity. Let (a,b], (a(l), b(l)], (a®?, b(2)]7 -« € C with
(a,8] € [J(@, 6]
i=1

We show that

Z,u a® b(l)] (2.3)

To this end, we use a compactness argument to reduce (2.3) to finite subadditivity. Let € > 0.
For every i € N, choose b{") > b") (componentwise) such that

#((@®,60)) < (@, b0 + 271 (2.0
Further choose a. € (a,b) such that

1((ae,b]) > p((a,b]) — (2.5)

N | ™

Then we have the inclusions

[a-.8] € (a.8] € [ J@?,6@] € | J (@, )

i=1 i=1

Since [a., b] is compact and the last union is an open cover of it, there exists N € N such that

N N
(ac,b] C [az,b] € | J(@™,b) C | J(a®, 5L

i=1 i=1

Since p is finitely subadditive on C (see Lemma 2.4), we obtain

((ac,b Z,u a” b<z) (2.6)
Combining (2.5), (2.6) and (2.4), we conclude
. X
€ ONO! —i—1
n((a, <3 Z ( b)) +e2 )
Hence

N
w((a, Z a” b(z) —1—252 - 1<E+Z,u bm]

since pu(+) > 0. Letting € N\, 0 yields (2.3). Thus p is o-subadditive.

l\D\(“)

It remains to check o-finiteness. But R? = |J°, (—n,n]? and p((—n,n]?) = (2n)* < oo for all
n € N. Hence p is o-finite.

All assumptions of Theorem 2.5 are therefore satisfied. Consequently, there exists a unique o-
finite measure A? : B(R?) = o(C) — [0, o] such that A?((a, b]) = pu((a,b]) = H?:l(bj — a;) for
all @,b € R? with @ < b. This is the Lebesgue-Borel measure. O
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2 Lebesgue measure

Exercise 2.7 (Translation invariance on cuboids). Work on R? and let A be the Lebesgue—
Borel measure. For h € R? and A C R¢, define

A+h:={x+h:zcA}
(a) Show that for every half-open cuboid C' = (a, b] and every h € R?, one has
C+h=(a+h,b+h]
(b) Deduce that
M (C +h) =2Y(C)
for every half-open cuboid C.

(¢) Fix h € R and consider
pn(A) == X" (A+h)

for A € B(R?). Show that juy, is a measure on B(R).
(d) Show that up and A* coincide on the semiring

C ={(a,b]:a < b}

(e) Deduce from the uniqueness statement in Theorem 2.5 that
M (A +h) =24 A)
for all A € B(R?). &
Solution.

(a) Let C = (a,b] and h € R?. We show both inclusions.

C: First, let y € C + h. Then there exists & € C such that y = « + h. Since x € C =
(a,b], we have a < < b componentwise, and hence

a+h<x+h=y<b+h

Thus y € (a + h,b+ h].

U

: Conversely, let y € (a + h, b+ h]. Define  := y — h. Then
at+h<y<b+h — a<y—h<b
and therefore « € (a,b] = C. Since y = x + h, this implies y € C + h.
Combining both inclusions yields the desired equality.

(b) By Theorem 2.6,

AC+h) D A ((a+h,b+h]) = TT(®: + ko) = (@i + ha)) = ][ (b — @) = A4(C)

=1 1=1

(c) We first note that A 4+ h € B(R?) for every A € B(R?). Indeed, the translation map
Th : R — R?
zr— Th(z)=x+h
is a homeomorphism, hence maps Borel sets to Borel sets. Thus up is well-defined.

Clearly,
pn(2) =A@+ h) = () =0

Now let (A, )nen be pairwise disjoint sets in B(R%). Then the translated sets (A, + h)nen
are pairwise disjoint: if y € (A; + h) N (A, + h), then

y=x;+h=x;+h

for some x; € A; and x; € Aj, so x; = x;. Therefore A; N A; # @, which implies i = j.
Moreover,

1Ce

An) +h= fj (An + h) (2.7)
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2 Lebesgue measure

(04) (00 ) ()

L i A (An + h) = i 1in(An)
n=1

n=1

Hence,

Thus pp is a measure on B(R?).

(d) Let C = (a,b] € C. Then by (b),
pn(C) = AHC + h) = A\(0)

Hence pp and A? coincide on C.

(e) Both pp and A¢ are measures on B(R?) = ¢(C) and, by (d), they agree on C. Moreover,
A4 is o-finite on C, since

R = o and  X((omnl?) = (20)" < o0

n=1

By the uniqueness statement in Theorem 2.5, we obtain
pin = A

on B(R%). Thus,
M (A+h) = un(A) = 24(A)

for all A € B(R?). <
Definition 2.9 (Semicontinuity). A function f: R — R is called
e upper semicontinuous if for every zo € R and every € > 0 there exists 6 > 0 such that
|z —x0| <6 = f(z) < f(zo) +¢
i.e. it cannot suddenly “jump upward”
e Jower semicontinuous if for every xo € R and every € > 0 there exists § > 0 such that
|t — 20| <6 = f(x) > f(zo) — ¢

i.e. it cannot suddenly “jump downward”

f(x) f(x)
o
[ J O
! l
|
|
} i
O ®
f f
Zo x Zo T
upper semicontinuous, but lower semicontinuous, but
not lower semicontinuous at xg not upper semicontinuous at zg

A real-valued function f is upper (respectively, lower) semicontinuous at a point zo if, roughly
speaking, the function values for arguments near xo are not much higher (respectively, lower)
than f (zo). Equivalently, a function on a domain X is lower semi-continuous if its epigraph
{(z,t) € X xR :t > f(z)} is closed in X X R, and upper semi-continuous if —f is lower semi-
continuous. <

Example 2.8 (Lebesgue-Stieltjes measure). Let @ =R and § = {(a,b] : a,b € R,a < b}. S'is
a semiring (see Example 2.4) with ¢(S) = B(R).

Consider a monotonically increasing and right-continuous function F': R — R. Then the set

function
/11:‘ S — [0,00)

(a,b] — fir((a,b]) = F(b) — F(a)
is additive, o-subadditive, o-finite and satisfies fir (@) = 0.

(2.8)

By Theorem 2.5, we can uniquely extend jir to a o-finite measure pr on B(R), called the Lebesgue-
Stieltjes measure with distribution function F'. <
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2 Lebesgue measure

Definition 2.10. A right continuous monotonically increasing function F' : R — [0, 1] with

F(—o0) = lim F(z)=0 and F(oo) == lim F(z) =1

T—r— 00 T—00

is called a cumulative distribution function, probability distribution function or simply distribu-
tion function. If P is a probability measure on (R, B(R)), then

Fp:R— [O, 1}
z +— Fp(z) = P((—o0,z])
is called the distribution function of . |

Clearly, Fp is right continuous and Fp(—o0) = 0, since PP is upper semicontinuous and finite.
Since P is lower semicontinuous, we have Fp(0co) = P(R) = 1. Therefore, Fp is indeed a distribu-
tion function if P is a probability measure. More generally, every finite measure on (R, B(R)) is
a Lebesgue-Stieltjes measure for some function F'.

Exercise 2.9 (Semicontinuity and distribution functions). Work on R equipped with its canonical
topology. Recall Definition 2.9.
(a) Show that Fp is monotonically increasing.
(b) Show that Fp is upper semicontinuous.
(c) Show that Fp is lower semicontinuous from the right.
)

(d) Show that Fp is right continuous. P

Solution.

(a) Let z,y € R with z < y. Then (—o0,z] C (—o0,y]. Hence, by Theorem 1.6,

Fe(z) = P((—o0, 2]) < P((—00,y]) = Fr(y)

(b) Fix z € R and € > 0.
e If y <z, then by (a),
Fp(y) < Fp(x) < Fp(z) + ¢

e It remains to control the case y > z. Let (dn)nen be a sequence with 6, > 0 and
0n ¢ 0. Consider
Chn = (z,x + 0n]

for n € N. Then (Cp)nen is a decreasing sequence of events with

ﬁ C,=9
n=1

Thus, by continuity of P from above (Theorem 1.11),

lim P(C,) =P <ﬁ Cn> =P(2)=0

Hence there exists N € N such that P((z,z + dn]) < e for all n > N. Set § :== dn. If
r <y<x+J, then
(z,y] C (2,2 + d]

and therefore
Fp(y) = P((—o00,y])
= P((—o0, 2] U (z,y])

LD p((—c0,2]) + P((z, y))

"D p((—o0,2]) + P((z, 3+ o)

< Fp(z)+e
Combining the cases y < z and y > x yields
ly—z|<d = Fp(y) < Fp(x)+e¢

Thus Fp is upper semicontinuous.
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(¢) Fix x € R and € > 0. Since Fp is monotonically increasing by (a), we have for every y > x
Fe(y) 2 Fp(x) > Fp(x) — €
Thus we may choose any § > 0, and then
r<y<z+d = Fp(y)> Fp(z)—¢
Hence Fp is lower semicontinuous from the right.
(d) Fix 2 € R and ¢ > 0. By (b), there exists d(,y > 0 such that
ly—al <ép) = Fe(y) < Fe(z)+e
By (c), there exists §() > 0 such that
r<y<z+dc = Fp(y)> Fe(z)—¢
Set 6 := min{d(),d(c)}. Then, for every y € [z, 4 J), both estimates hold, and hence
Fp(z) —e < Ip(y) < Fp(x) + ¢

Equivalently,
|Fe(y) — Fe(z)| <&
for all y € [z,x + ). Thus
lim Fp(y) = Fp(x)
Y\
so Fp is right continuous.

Alternatively, let (yn)nen be a sequence with y, N\, z. Then the events (—o0, y,] form a
decreasing sequence and

ﬂ —00, Yn] = (—00, 2]

Therefore, by continuity of P from above (Theorem 1.11),

lim_ Fo(yn) = lim P((~00,ya]) = (ﬂ wm>=MHnw=%@

<«

Theorem 2.7. The map P +—— Fp is a bijection from the set of probability measures on (R,
B(R)) to the set of probability distribution functions. <

Exercise 2.10 (Lebesgue-Stieltjes measure for step functions). Let x1 < --- < xn be real
numbers and p1,...,pn > 0 with 3"}, pr = 1. Define

=> il .00 (@) (2.9)
k=1

for z € R. Let ur be the Lebesgue-Stieltjes measure (Example 2.8) associated with F'.

(a) Show that F

(i) is monotonically increasing

(ii) is right continuous

(iii) satisfies limz— oo F(z) = 0 and limy o F(z) =1
(b) Compute pr((a,b]) explicitly in terms of the points x; and the weights py.
(c) Show that pr({zx}) =pr for k=1,...,n
(d) Show that if A € B(R), then

4= peta(en)

(e) Conclude that every finitely supported probability measure on R, that is, every probabil-
ity measure of the form
v=>_ pids,
k=1

for some z1 < -+ < & and p1,...,pn > 0 with >°}'_, pr = 1, is a Lebesgue-Stieltjes mea-
sure (Example 2.8). &
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Solution.
(a) (i) Let z <y. Then
Lay,00) () < Ly 00) (%)

for every k € {1,...,n}. Since py > 0 for all k, summing over k yields F(z) < F(y).
Hence F' is monotonically increasing.

y1 > Y2 2 yz > ;. Y ENT ypp1 Syn,
limp 500 yn = @ ¢ Ve>03NeNVRn>N: |yp —a| < e
(ii) Each function 1(;, ) is right continuous. Indeed, if then: if x < zx, even-

tually ym < @k, 80 Lz, 00)(¥m) = 0 = Lz, oo)(2); if © > Tk, then ym > xx for all m,
80 Lizy,00)(Ym) = 1[z),00)(2) = 1. Thus
lim 1, 00)(m) = Lz, .00) (¥)

m— o0

A finite sum of right continuous functions is right continuous, so F' is right continu-
ous.

(iii) Ifz — —oo, then for every k we eventually have = < x, hence 1[;, )(x) = 0. Therefore
F(z) = 0 eventually, and so lim,_,_o F(z) = 0. If z — oo, then for every k we even-
tually have x > %, hence 1, o) (z) = 1. Therefore F/(z) = >_7_, px = 1 eventually,
and so limg— 00 F(z) = 1.

(b) Using the definition of F', we obtain

(2.8) (2.9) — ~
pr((a,b) = F(b) = F(a) = Prliago0) () = > il .00)(a)
s =1

= 0 (L) (0) = Loy (@) = > pilia(@e) = > pw
k=1 k=1

kia<zp<b

(¢) Fix k € {1,...,n}. If we choose € > 0 such that
(zk — e, zx) N{z1,..., 20} = {zk}
then by part (b),
pr((ex—ea) € 3 p=p

Jiwp—e<wj;<z)
Moreover, F' is constant on
1
(zk —&,28) = U Tk — &, Tk — —
m
é<m€N
since this interval contains no point x;. Hence

1.6) .. 1
up((xk—a,xk))(:) lim pp <(mk—5,xk—a]> =0

m—ro0
Since (zr — €, zk] = (zr — €, zx) U {xr }, additivity yields
pr((@x — &, an]) = pr((ze — &, 2x)) + pr({ze}) = pr{ze})
Consequently, pr({zr}) = pk.
(d) Define a probability measure u on (R, B(R)) by

IRES prxk
k=1
where 0z, (A) = 1a(xr) for every A € B(R). Then for every A € B(R),
wA) = >
kixp€A

Moreover, for every a < b,

w@th= S p

kia<zp<b

By part (b), u((a,b]) = pr((a,b]) for all a < b. Since both p and pp are finite Borel mea-
sures on R and the family S := {(a,b] : a,b € R, a < b} generates B(R), Theorem 2.5 im-
plies that u = pr. Therefore,

pr(A) =p(A) = > pe= prlalar)

kixp€A k=1

for every A € B(R).
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(e) Define F(x) := > 7_; Prliz,,00)(x). By part (d), the Lebesgue-Stieltjes measure pp asso-
ciated with F' satisfies

= > = ZpklA (@1) = 3 prday (A) = v(A)
kizp€A k=1

for all A € B(R). Hence v = pp. Thus every finitely supported probability measure on
(R, B(R)) is a Lebesgue—Stieltjes measure. <

2.3 Null sets

If (Q, F,P) is a probability space, we might expect that every subset of an event E with P(E) =
0 also has probability zero. In general, however, subsets of such events need not be measur-
able.

Definition 2.11. Let (2, F, u) be a measure space.
(i) A set B € F with u(B) = 0 is called a p-null set. By

N, ={Ne2?:BeF, NCB, u(B)=0}
we denote the family of all subsets of p-null sets.

(ii) Let P(w) be a property of w € Q. We say that P holds p-almost everywhere (a.e.) if there
exists a null set NV such that P(w) holds for every w € Q\ N.

(iii) If u = P is a probability measure, we say that P holds P-almost surely (a.s.).

(iv) The measure space (2, F, p) is called complete if F contains all subsets of p-null sets. <
Theorem 2.8. Let (2, F, 1) be a o-finite measure space and define
G={AUN:AeF, NeN,}
Then G = o(F UN,). In particular, G is a o-algebra. <

Proof. First note that if N € AV, then by Definition 2.11 there exists a measurable p-null set
B € F such that N C B.

We show that G is a o-algebra (Definition 1.3):
(1) Since P e N, and 2 € F, we have Q = QUO € G. vV
(ii) Now let G=AUN € G with A € F and N € N,,. Choose B € F with u(B) = 0 and

N C B. Then
G*=(AuB)\U(B\(AUN)) Q
EeF CB ‘

& v,
Therefore G° e€g. v

(iii) Consider (G;)ien with G; = A; UN; € G for i € N with A; € F and N; € N,,. Choose
measurable py-null sets B; € F such that N; C B;. Then

QGi_G (A; UNy) (UA)U(QN,)

By Definition 1.3, | J;2, A; € F. Since N; C B; for all ¢, we have
UneUs
i=1 i=1
and by countable subadditivity from Theorem 1.9,
(U <3um)
i=1 =1

implying ;2 Ni € M. Thus 2, G € G. v

o . o o o
2z ¢ JMiUN) & 3ieEN:2 € A,UN; & JieEN:(z€A;VaeN;)wae |JAivae UN,v@ze<UA,¢>u<UN,>
i=1 i=1

i=1 i=1 i=1
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Hence G is a o-algebra.
Since A=AUP e G for every A€ Fand N =0QU N € G for every N € N,,, we have
FUN,CG
As G is a o-algebra, Theorem 1.3 yields
o(FUN,) CG

Conversely, if G € G, then G = AUN with A € F and N € NV,,. Since both A and N belong to
F UN,, they belong to o(F UN,) by Theorem 1.3. As this is a o-algebra, it is closed under
unions, hence G € o(F UN,). Therefore

G Co(FUN,)
Combining both inclusions gives the claim. 0

We have the following fact, which states that every o-finite measure space admits a comple-
tion.

Fact 2.9. Let (2, F, 1) be a o-finite measure space. Then there exist a unique smallest o-
algebra F* O F and an extension p* of y to F* such that (Q, F*, u*) is complete. The measure
space (2, F*, u*) is called the completion of (2, F, u). Moreover,

F'=0(FUN,) and p"(AUN)=pu(4)
for any A € F and N € N,,. <

Example 2.11. Let A\? be the Lebesgue-Borel measure on (R%, B(R%)). Then A% can be uniquely
extended to a measure \* on

B*(RY) = o(B(RY) UN)

where A is the family of all subsets of Lebesgue-Borel null sets. The o-algebra B*(R?) is called
the o-algebra of Lebesgue measurable sets. In what follows, we call A% the Lebesgue-Borel mea-
sure and A* the Lebesgue measure. <
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3 Random variables

3.1 Measurable functions
Definition 3.1. Let (Q2, F) and (€2, ') be measurable spaces (see Definition 1.3). A function
f:Q — Q is called [(F, F')-measurablé or simply measurable if
fFYB)={weQ: flweB}eF
for every B € F', i.e. the preimage of every measurable set is measurable. <

Definition 3.2. If (2, F,P) is a probability space and X : @ — R is (F, B(R))-measurable,
we call X a random vatiable (see diagram). If X : Q — R is (F, B(R?))-measurable, we call X
a random vector. <

The concept of random variables ensures that we can assign probabilities to sets of the form
{weQ: X(w)e B =X""(B)
where B € B(R) is a Borel set. The probability of the above set is given by P(X~!(B)).

Notation 3.3. As shorthand notation, we often write {X € B} for X }(B) = {w € Q: X(w)
€ B}, and P(X € B) for (X 1(B)). <

Example 3.1. If F is the trivial o-algebra {@, Q}, then a function X : Q@ — Q' is measurable
if and only if X '(B) € {@,Q} for every B € F'.

In particular, if ' = R and F' = B(R), then the only measurable functions X : Q — R are the
constant functions: if X were not constant, there would be wi,w2 € Q with X (w1) # X (w2),
and then the Borel set {X (w1)} would have preimage neither @ nor 2, contradicting measura-
bility.

If F is the power set 2%, then every function X : Q — Q' is measurable. |
Theorem 3.1. Let (2, F) be a measurable space (Definition 1.3) and A C Q. The indicator

function
1 fweA
1a(w) =
Aw) {O otherwise

is (F, B(R))-measurable if and only if A € F. <
Proof. Consider B € B(R). We have

@ if0,1¢B

A if0¢B,1€B

A ifoeB,1¢B

Q if0,1€B

1,°(B) =

If A € F, then the four possible preimages are all in F, so 14 is measurable. If A ¢ F, then the
preimage of B = {1} is A, which is not in F, so 14 is not measurable. 0
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Example 3.2. Consider the indicator function 1g : R — R of the rational numbers Q C R.
Since Q is countable, we have Q € B(R). Hence 1@1({1}) =Q and 1@1({0}) =R\ Q are Borel
sets, so 1g is measurable. <

Fact 3.2 (Properties of preimage). Let f:Q — Q' and g: Q" — Q" be functions. Define h :=
go f. Then

(i) FHAY = (ffl(A))U for any A C O/
(ii) Let (A;)ier be a family of subsets of '. Then

S <U Az-) =Usr') and ! (ﬂ Ai> =74

il iel el el
(iii) h~Y(B) = f~ (g~ "(B)) for any B C Q" <

Proof. () zef ‘Ao fr)edlaf@¢Adcsdf (A ezec(f1(A)°

(i) ze f! (_LEJIAf,) < f(z) € _LEJIAi sJiel:fla)ceAdyoTicl:zc f7H(A)exc -I‘EJIFI(A"’)

and

zeft <ﬂ Ai) sf@eNAeviel:f@)eAdiaViel:aef N (A)ere N FH(A)
i€l i€l i€l

(iii) e A ' (B) & h(zx) e B g(f(x) €EBe fla) cg ' (B) e xc f (¢ (B)) O

3.2 Construction of measurable functions

Theorem 3.3. Let (Q,F), (', F), (", F") be measurable spaces (Definition 1.3). Assume
f:Q—Q is (F,F)-measurable and g : Q" — Q" is (F', F”)-measurable. Define h :=go f.
Then h: Q — Q" is (F, F")-measurable. <

Proof. Let B € F”. Since g is (F/, F")-measurable, we have g~ (B) € F'. Since f is (F, F')-
measurable, we have f~'(¢g7'(B)) € F. Hence, by Fact 3.2.(iii), h~*(B) € F. O

Theorem 3.4 provides an effective way to check measurability of a function (Definition 3.1).

Theorem 3.4. Let (Q,F), (', F') be measurable spaces (Definition 1.3) and f: Q — Q' be
a function. Let A be a generator of F', i.e. 0(A) = F' (Theorem 1.3). Then f is (F,F')-mea-
surable if and only if f~1(A) € F for every A € A. ol

Proof. ‘=’: If f is (F,F')-measurable, then f~'(A) € F for every A € A C F'.
‘" Assume f~'(A) € F for all A € A. Consider
C={BCQ:f'(B)eF}

i.e. the collection of subsets of ' whose preimages are measurable. By construction, A C C. It
is therefore enough to show that C is a o-algebra (Definition 1.3), since by Theorem 1.3 we then
have F' = o(A) C C.
e O cC, since fTH(Y)=QcF. /
e Consider B € C. By definition, f~!(B) € F. Since F is a o-algebra, we have (f~'(B)) €
F. Therefore, by Fact 3.2.(i), f~'(B%) € F. Hence B € C. v
e Now let (B;)52; C C. Then f~!(B;) € F for every i € N. Since F is a o-algebra, we have
>, f71(Bi) € F. Therefore, by Fact 3.2.(ii), f~'(UU°, Bi) € F. Hence | J°, B; €C. vV

Thus, C is a o-algebra. As mentioned, this implies that f is (F, F’)-measurable. O

Definition 3.4 (Image measure). Let (Q, F, 1) be a measure space, let (', F') be a measur-
able space and let T : Q — ' be measurable. The [image measure of 1 under T is the measure

pur : F' = [0, 00]

defined by
pr(A) = u(T~(A)) (3.)
for all A € F'.

If X : Q — R is a random variable on a probability space (€2, F,P), then the image measure Px

is called the [iSHDUNOMIOIE- <
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Recall the definition of (topologically) continuous functions from Definition 2.3. As the Borel
o-algebra is generated by a topology, we immediately have the following result on the measura-
bility of continuous functions.

Corollary 3.5. A continuous function f : Q — ' (Definition 2.3) between topological spaces
(Q,7) and (', 7) is (B(Q2), B(Y'))-measurable, where B(Q) = o(7) and B(Q') = o (7). <

Proof. Since f is continuous (Definition 2.3), we have f~*(U) € 7 C B(Q) for every open set
U € 7. But 7’ generates the Borel o-algebra on ', i.e. B(Q') = o(7') (see Definition 2.2).
Hence, by Theorem 3.4, it follows that f is (B(£2), B(2"))-measurable. O

Example 3.3. Any continuous function f : R% — R% is (B(R%), B(R%))-measurable. <«

Theorem 3.6. Let (©,F) be a measurable space and let f,g: Q — R. If f and g are (F,
B(R))-measurable, then so are f +g, f — g, f - g, ¢- f for every ¢ € R. If, in addition, g(w) # 0
for all w € Q, then so is f/g: Q — R. <

Proof. Define a: Q — R? a(w) = [f(w),g(w)]". For any open rectangle (a,b) x (c¢,d) C R?,
we have

cfl((a, b) x (c, d)) = fﬁl((a,b)) ﬂgfl((c, d)) eF

since (by the measurability of f and g) both preimages on the right-hand side belong to F, and
F is closed under finite intersections. The family of open rectangles generates B(R?), hence by
Theorem 3.4, o is measurable.

The maps (z,y) — z+y, © —y, zy, c- z, /y are continuous if we consider z/y only on {(z,y) :
y # 0} and, hence, measurable by Corollary 3.5. Thus, by measurability of «, Fact 3.2.(iii) and
Theorem 3.3, the functions f +g, f —g, f-g, c- f and f/g are measurable. O

Remark 3.4. It is convenient to include the special symbols oo and —oo and to work in the
extended real number system R := R U {#oc0}. The operations oo — 0o, (—o0) + 00, 00/00,
00/(—00), (—0)/00, (—o0)/(—00) are not defined. However, by convention, we define 0 - co and
0 (—o0) to be equal to 0. <

Theorem 3.7. Let ({2, F) be a measurable space and let f; : Q — R, i € N, be a sequence of
(F, B(R))-measurable functions. Then,

inf f; and supf;
€N €N

are measurable. <

Proof. By Theorem 3.4, it suffices to check the preimages of the generator A = {[-o0,7] : T €
R} of B(R). Consider the function g(w) := sup;cy fi(w). Let € R. From the definition of the
supremum, we obtain

g ([=o0,r]) = {w e Q: sup fuw) <7} = (HweQ: filw) <r}= ﬂ F7 ([o0,1])

i=1

Since each f; is measurable and [—oo, 7] € B(R), it follows that f; ' ([—oco,r]) € F for every i €
N. Since the right-hand side is a countable intersection of measurable sets, the left-hand side
is also measurable. Hence g~ '([~o00,7]) € F for every r € R. Therefore, by Theorem 3.4, the
supremum sup,y fi is measurable.

Similarly, for the infimum, we check the preimages of the generator A = {[r, 0] : r € R} of

B(R). Now consider the function g(w) := inf;en fi(w). Let 7 € R. From the definition of the
infimum, we obtain

g ([ryo0]) = {we inf fi(w) 2} = (HweQ: filw) 2r}= ﬂ ()

i=1

Since each f; is measurable and [r, 0o] € B(R), it follows that f;"*([r,oc]) € F for every i € N.
Since the right-hand side is a countable intersection of measurable sets, the left-hand side is also
measurable. Hence g~ ([r, cc]) € F for every r € R. Therefore, by Theorem 3.4, the infimum
inf;en fi is measurable.

Alternatively, using Theorem 3.6 we could also direcly infer that inf;cy fi(w) is measurable,
since infien fi(w) = — sup;en(—fi(w)). O
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Recall that for a sequence of real numbers (zn)nen, the limit inferior and limit superior may be
written as
lim inf z,, = sup inf x and limsup z,, = inf sup zx (3.2)
n—oo neNk2>n n—oo neNg>n
respectively, since the sequence of infima is monotonically increasing and the sequence of supre-
ma is monotonically decreasing.

Tn A

SUPL>p, Tk

S // \ lim sup z,,

---------- \ ‘ lim inf 2.,

infr>n, ok

Therefore, we may characterize them as follows:

e liminf, oo @, is the largest biower € R such that for any € > 0, there exists N € N such
that z, > blower — € for allm > N

e limsup,,_, ., Tn is the smallest bupper € R such that for any € > 0, there exists N € N such
that z,, < bupper + € for alln > N

e for any sequence (zn)nen, we have liminf, o z, < limsup,,_, . Tn, with equality when
limy, oo Trn exists

Theorem 3.8. Let f; : Q — R, i € N, be a sequence of measurable functions. Then, the func-
tions

liminf f; and limsup f;

1—>00 i— 00
are measurable. Furthermore, if lim;_, f;(w) exists for all w € Q, then lim;_,« f; is measur-
able. <

Proof. From Theorem 3.7 we know that the supremum and infimum of a sequence of measur-
able functions are measurable. By the previous characterization of the limit inferior and limit
superior, it follows that they are measurable. If the pointwise limit of f; exists, then the limit
inferior and limit superior coincide, and hence the limit is measurable as well. O

Exercise 3.5 (Indicators, limsup, and liminf of sets). Let (2, F) be a measurable space and
let (An)nen be a sequence of sets in F.

(i) Show that

1o =supl 1A = inf 1
ULy An Zlég Anp> NS, An TILIEIN An
(ii) Show that
1lim SUPy, o0 An T lim sup 1An7 1lim infy, 500 An — lim inf 1An

n—0oo n— oo
(iii) Show that

limsup An,  liminf A4,

n—oo n—oo
belong to F. B

Solution.
(i) We prove both identities pointwise. Fix w € Q.
® sup:

o Ifwe U2, An, then w € A, for some n € N. Hence 14, (w) =1 for some n € N, so

supla,(w)=1= 1U$f:1 a, (w)
neN
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o Ifw¢ U, An, then w ¢ A, for all n € N. Hence 14, (w) =0 for all n € N, so

supla,(w)=0= 1U$f:1 a, (w)
neN

Thus for every w € €,
lyge, 4, (w) =supla, (W)
neN
e inf:
o Ifwe (), An, then w € A, for all n € N. Hence 14, (w) =1 for all n € N, so

rlLIéIf\I 1a,(w)=1= Inpe, an ()

o Ifw¢ (2, An, then w ¢ A, for some n € N. Hence 14, (w) = 0 for some n € N, so
71113; 1a,(w)=0=1n a,(w)
Thus for every w € €,
Ing, an(w) = nf 14, (w)
Since w € Q) was arbitrary, both identities follow.
(ii) We again prove both identities pointwise. Fix w € Q.
e limsup:

e If w € limsup,,_,,, An, then w € A, for infinitely many n € N. Hence 14, (w) =1 for
infinitely many n € N, and therefore

limsupla, (w) =1 = Limsup, ., An (W)
n—r oo

o If w ¢ limsup,,_, . An, then w belongs to only finitely many A,. Hence 14, (w) =0
for all sufficiently large n, and therefore

limsup 14, (W) =0 = Limsup,_,. A, (W)
n— o0

Thus

Liimsup,,_, ., A, (W) =limsup1a, (w)
n—oo

e liminf:

e If w € liminf, o An, then w € A, for all sufficiently large n. Hence 14, (w) =1 for
all sufficiently large n, and therefore

liminf1a, (w) =1 = Lliiminf, 00 An (W)
n—r o0

o If w ¢ liminf, ,o Ay, then w ¢ A, for infinitely many n € N. Hence 14,, (w) = 0 for
infinitely many n € N, and therefore

liminf 14, (w) = 0= Liminf,_e0 4, (W)
n— oo

Thus

Liiminf,_ o A, (w) =liminf 14, (w)
n— oo

Since w € ) was arbitrary, both identities follow.
(iii) By Theorem 3.1, each 14, is measurable. Hence, by Theorem 3.8, the functions

limsuply,, liminf1ga,
n— oo n—roo

are measurable. By (ii), this means that

]-lim SUDy, 00 Ans 1lim infp, 500 An

are measurable. Moreover, since {1} € B(R), we have

limsup ATL = 11_ir1)sup A ({1})’ lim inf An = 11_inllinf A ({1})
n—s 00 n— oo n n—oo n-— oo n
so, by Definition 3.1, both sets belong to F. |
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Proposition 3.9. Let (Q,F) be a measurable space and let f :  — R be measurable. For
n € N, define the truncation

—n if flw) < —n
falw) = flw) if —n<flw)<n
n if flw)>n
a) Show that f, : 2 — R is measurable for every n € N.
b) Show that |fn(w)| < n for all w € Q.
(¢) Show that if f(w) € R, then f,(w) = f(w) as n — 0.
(d) Describe the behavior of f,(w) when f(w) = co and when f(w) = —o0. <

(
(

Proof. (a) We employ Theorem 3.4 to check the preimages of the generator
A={[a,b] :a,b eR, a<b}
of B(R). Let a,b € R with a < b. Since fn(w) € [—n,n] for every w € Q, we have
5} ifb<—nora>n
Q fa<-nandb>n
fit(la, b)) = f7 Y ([—o00,b]) ifa<-n<b<n
' ([a, b)) if —n<a<b<n
Y a,0]) if —m<a<n<b
In every case, f, '([a,b]) € F because f is (F, B(R))-measurable. Hence f, is measurable.
(b) By definition of f,, we always have —n < fr(w) < n. Therefore |fn(w)| < n for all w € Q.

(c) Assume that f(w) € R. Choose N € N with N > |f(w)|, e.g. N = [|f(w)|]. Then for ev-
ery n > N we have
-n< flw)<n

so by the definition of the truncation, f,(w) = f(w) for every n > N. Hence fn(w) —
f(w) as n — oo.

(d) If f(w) = oo, then f(w) >n ¥n € N, hence fr(w) =n Vn. Thus fr(w) — oco.
If f(w) = —o0, then f(w) < —n Vn € N, hence fn(w) = —n VYn. Thus fr(w) - —co. O

Finally, we note that for functions of several variables, separate measurability (i.e. while keep-
ing all but one variable fixed) does in general not imply joint measurability. A nice counterex-
ample is the following:

Example 3.6. Let E C [0, 1] be such that E ¢ B([0,1]). Define f : [0,1]> — R by

F@,y) 1 fz=yandxze F
T,Y) =
Y 0 otherwise

or equivalentlb’? f($7y) = 1{(1,1):16E} ($7y)
We show first that f is separately measurable, i.e.
o for every fixed z € [0, 1] the function
f(I,)[O,l]%R, ny(xzy)
is (B(]0,1]), B(R))-measurable
e for every fixed y € [0, 1] the function
fGy)[0,1] =R,z fz,y)

is (B([0,1]), B(R))-measurable
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e Fix z € [0,1] and let B € B(R). Then

0,1] if0eB todE

o if0¢B n
(ye0,1]: fz,y) € B} = { ([0,1] if0,1¢ B

0.1\ {a} f0eB, 1¢B

{a} if0¢ B, 1¢B

(%) if0,1¢ B

In every case, this set belongs to B([0,1]). Hence f(z,-): [0,1] — R is (B([0, 1]), B(R))-
measurable for every fixed x € [0, 1].

e Fix y € [0,1] and let B € B(R). Then

ity ¢ E
o if0¢B ify ¢

{mu if0e B

{z €10,1]: f(x,y) € B} = [0,1] if0,1€ B
0,1\ {y} if0eB, 1¢B
{y} if0¢ B, 1€ B
@ if0,1¢ B

ifye E

In every case, this set belongs to B([0,1]). Hence f(-,y) : [0,1] — R is (B([0, 1]), B(R))-
measurable for every fixed y € [0, 1].

However, f is not jointly measurable, i.e. not (B([0,1]) ® B([0, 1]), B(R))-measurable.
Indeed, consider the diagonal map
d:[0,1] — [0,1]?
z +— d(z) = (z,z)
The function d is continuous, hence (B([0, 1]), B(]0, 1]?))-measurable by Corollary 3.5. More-

over, since we have

B([0,1]*) = B([0,1]) ® B([0, 1])
d is also (B(]0,1]), B(]0,1]) ® B(]0, 1]))-measurable.

If f were jointly measurable, i.e. (B([0,1]) ® B([0, 1]), B(R))-measurable, then by Theorem 3.3,
the composition
fod:[0,1] >R

would be (B([0,1]), B(R))-measurable. But
(fed)(z) = f(d(z)) = f(z,2) = 1p(z)

Hence 1g : [0,1] — R would be (B([0, 1]), B(R))-measurable. By Theorem 3.1, this would imply
E € B([0,1]), contradicting the choice of E.

Therefore f is separately (B([0,1]), B(R))-measurable in each variable, but not jointly (B([0,1])
® B([0,1]), B(R))-measurable. <
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4 Independence

4.1 Independent Random Variables

Let A be an event with probability P(A). If we know that another event B has occurred, we
update our information on A by replacing P(A) with the conditional probability

]P’(A|B):%

provided P(B) > 0. Note that an event may occur and still have probability 0, so this assump-
tion is necessary.

Independence of A and B means that this update has no effect, i.e. P(A | B) = P(A) or equiva-
lently P(A N B) = P(A)P(B). Hence, the occurence of B does not change the likelihood of A.

Definition 4.1 (Independence of events). Let (22, F,P) be a probability space. Two events
(see Definition 1.1) A, B € F are independent if P(AN B) = P(A)P(B). <

Example 4.1.

e always independent: 2 and @ are independent of any event A € F, since

P(QN A) = P(A) = P(QP(A) and P(@NA) =0 =P(2)P(A)

e never independent: if 0 < P(A4) < 1, then A and A® are not independent, since

P(AN A%) =0 #£ P(A)PA") <

Definition 4.2 (Independence of random variables). Let (2, F,P) be a probability space and
let X,Y : Q — R be random variables (see Definition 3.2). We say that X and Y are indepen-
dent if the events {X € A} and {Y € B} are independent for all A, B € B(R), i.e., if

P(X €AY €e B)=P(X € A)P(Y € B)
for all A, B € B(R). <
It is often convenient to rephrase independence in terms of generated o-algebras.

Definition 4.3. Let (2, F,P) be a probability space and let X : Q@ — R be a random variable.
We call

o(X)={X"YB): BeBR)}CF

the o-algebra generated by X. It encodes the information carried by X. <

Definition 4.4. Let (92, F,P) be a probability space and let F1, F2 C F be two o-algebras.
We say that F; and F2 are independent if

P(A1 N Az) = P(Al)]P’(AQ)
for all A; € F; and As € Fo. <«

Theorem 4.1. Two random variables X and Y are independent if and only if the o-algebras
o(X) and o(Y) are independent. N

The independence of random variables is already guaranteed, if they are independent on a semir-
ing (Definition 2.5) generating the Borel o-algebra (Definition 2.2).

Theorem 4.2. Let (2, F,P) be a probability space and let X,Y : @ — R be random variables.
Suppose that the Borel g-algebra B(R) is generated by a semiring S C 2F, i.e. o(S) = B(R). If

P(X € A,Y € B)=P(X € A)P(Y € B)
for all A, B € S, then X and Y are independent. <

Proof. We start by showing that the product S x § := {S1 x S2 : 51,52 € S} is again a semir-
ing (Definition 2.5):

e J=0xXxTeSxS. V/
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o If Ay X A2,B1 X B2 € S X S, then

(0.5)

(Al X Ag) N (Bl X Bg) (A n Bl) X (AQ N BQ)

and since S is a semiring, A1 N B1 € S and A2 N Bz € S. Hence (A1 X A2) N (B1 X Ba) €
Sx8. vV

Let AXxB,CxDeSxSwithCxDCAxB. IfC=gorD=g,thenCxD=g,
hence
(AxB)\(CxD)=AxBeSxS.

Otherwise, choose ap € C' and by € D. Then for every a € C' we have (a,bp) € C x D C
A X B,soa€ A. Hence C C A. Similarly, for every b € D we have (ag,b) € C x D C
AXx B,sobée B. Hence D C B.

Since S is a semiring, there exist pairwise disjoint sets A1,..., A, € S and By,...,B, €
S such that

i=1 j=1

777777777777
250505050057
200000050007
Al C 250505050057
77
7

5
< 5 >
Therefore,
(AxB)\ (Cx D)= ((A\C)x (B\D))U(Cx (B\D))U((A\C

- (Qn ) @lm) @Aw)

which is a finite disjoint union of sets in § X §. v

Thus S x S is a semiring.

Moreover, we have (S x S) = ¢(S) ® 0(S) = B(R) ® B(R) = B(R?), where ® denotes the prod-
uct o-algebra (see Example 1.4):

C:

o

Every set S x Sz with S1,S2 € S belongs to o(S) ® o(S), since S C o(S). Hence, by the
minimality of the generated o-algebra (Theorem 1.3), o(S X S) C o(S) ® o(S).

For the converse inclusion, it is enough to show that A x B € (S x S) for all A, B €
o(8S), ie.
{AxB:A,Beo(S)} Ca(SxS)

because o(S) ® o(S) is generated by such rectangles (Example 1.4).

Fix B € S and define
Dg={ACR:AxBeo(§xS8)}

We show that Dp is a o-algebra:
o First, @ € Dp, since g x B=g €0(SxS). vV

o Next, let A € Dp. By the countable covering assumption from the o-finiteness part,
choose Sp, € S such that R = J;°_, Sy Then

]RxB_(GSm) GS X B) € o(SxS)
m=1 m=

1

because S, X B € S x S for all m € N. Since A x B € ¢(S X §), we obtain
A®xB=(R\A) xB=RxB)\(AxB)€o(SxS)

and hence A°® €Dp. v/
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e Finally, if A, € Dp for all n € N, then

(GAn>xB—G(An><B)GU(SxS)

n=1
sol Uy, An €Dp. v/

Thus Dp is a o-algebra.

Moreover, S C Dpg, because A X B€ S xS C (S xS) for every A € S.

Therefore, by the minimality of ¢(S) (Theorem 1.3), we have o(S) C Dp.

That means ®
AxBea(S§xS)

for all A € 0(S) and all B € S.
Now fix A € 0(S) and define

Da={BCR:AxBeo(§xS8)}

which is again a o-algebra by the same argument as for Dp.

By ®, S C Da: if B € S, then ®, applied to the fixed A € o(S), gives A x B € (S x S),
hence B € Da.

Thus, again by the minimality of o(S) (Theorem 1.3), we get o(S) C Da.

Therefore
Ax Bea(S§xS)

for all A, B € o(S).
Hence every generating rectangle of 0(S) ® o(S) belongs to o(S x §), and so

o(S)®a(S) Ca(SxS)

Since by assumption o(S) = B(R), we conclude that
(S x 8) =0o(S) ® o(S) = BR) @ B(R) = B(R?)
as claimed.

We define the set functions i, fiproda : S X S — [0, 1] by
w(Ax B)=P(X € A,Y € B) Uprod(A X B) :=Px (A)Py(B)
where the image measure Pz is defined as
P£(C) = (Po 27)(C) = B(Z™\(C)) = P(Z € C)
for any random variable Z : Q — R and any C' € B(R) (see Definition 3.4).
By assumption we have u(A X B) = pprod (A x B) for all A, B € S. Both set functions p and

Hprod satisfy the assumptions of the Carathéodory extension Theorem 2.5:
o 1(B) = iproa(@) = 0. V

e (i): Let Ay X By,...,An X By, be pairwise disjoint sets in S x S such that their union is

in S x S. We can write
n

U(AkXBk):AXB

k=1

since we know that the union on the left must be in S x §. Then

{we: X(w)eAYw) eB={we: X(w) e ANY (w) € B}
={weQ: (X(w),Y(w)) € Ax B}

- {w €Q: (Xw),Y(w)) e |i| (Ag x Bk)}

= {w €N: \"/ (X (w),Y(w)) € A x Bk)}

k=1
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n

|_| {we: (X(w),Y(w)) € Ax x By}

where the last union is indeed disjoint, since, for 7 # j,

{we: (X(w),Yw)) € AixBi}N{we Q: (X(w),Y(w)) € A4; x B;}
={we: (X(w),Y(w)) € Ai X Bi A (X (w),Y (w)) € Aj x Bj}
={weQ: (X(w),Y(w)) € (A x Bi)N(A; x Bj)}

={weQ: (X(w),Y(w)) € o}

=g

Hence,
WAXB)=P{we: X(w) € A,Y(w) € B})

=P <|i| {weN: (X(w),Y(w)) € A x Bk})

k=1

—Z]P’{weQ X(w),Y(w)) € A x B})
:ZP({UJEQZX(UJ)EAk,Y(W)eBk})

=> u(Ax x By)

k=1

For piprod, let v := Px ® Py be the product measure (see Example 2.5) on (S x S). On
rectangles A x B € § x §, we have by definition

V(A x B) = Px (A)Py (B) = fiproa(A x B)

Since v is a measure (Definition 1.5), it is o-additive, hence in particular finitely additive,

hence
Uprod(A X B) = v(A x B)

=V (lil(Ak X Bk)>

k=1

= Z l/(Ak X Bk)
k=1

= Zﬂprod(Ak X Bk)

k=1

Thus fiproa is additive as well. v/
o (ii): Let Ax Be€ S xS and (A; X B;)ien with 4; x B; € S x S for all ¢ be such that

C8

Ax B (Ak X Bk)

k=1

For p, this implies

{w: X(w) € A,Y(w) € B} ={w: (X(w),Y(w)) € Ax B}

c {w (X(@),Y () € Qf“‘k x B@}
Lo §7 (X(@), Y () € A x B@}
- f] [0 (X(@), Y(©)) € A x By}
_Q{w X(w) € Ay, Y(w) € B}
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Hence, by the o-subadditivity of the probability measure P,
wAx B)=P(X € A)Y € B)

(1.3)
<P U{XeAk,YGBk}

k=1
(1.5) X

< D P(X € Ay, Y € By)

k=1

Thus p is o-subadditive.

For piprod, we again use v := Px ® Py. Since v is a measure and fiproda = v 0on rectangles
in S X S, we obtain
Uprod(A X B) = v(A x B)

(1 3) (U Ak o Bk))

prod Ak X Bk)

HMSB

Thus piproa is o-subadditive as well. v/

e (iii): For simplicity®, assume the semiring S covers R, i.e.

for some (Sm)men with S, € S for all m. Hence

R’=RxR= (glsm> (Us)

and since N x N is countable, this is a countable cover of R? by sets in S x S.

(Sm X Sn)

HC8
1C3

1

Moreover, for every m,n € N,
0 < pu(Sm xSn)=P(X €Sn,YeS,)<1

and
0 < ,U/prod(SnL X S’n) = ]P)X(S’WL)IPY(SH) < 1

Thus each covering set has finite p- and pproa-mass. Therefore both p and pproa are o-
finite. v/

Therefore, by Theorem 2.5, the extensions [, fiproa Of i, fiproa to o (S X §) are unique.

‘We conclude
P(X € A)Y € B) = i(A X B) = [iprod(A X B) = Px(A)Py(B)

for all A, B € B(R), because A x B € B(R?) = 0(S x S) and both extensions agree on all of
o(S x S) by uniqueness. Hence X and Y are independent. 0

Corollary 4.3. Let (2, F,P) be a probability space and let X,Y : Q@ — R be random vari-
ables. We define Fx y(z,y) = P(X < z,Y <vy), Fx(z) = P(X < z), Fy(y) = P(Y < y).
Then X and Y are independent if and only if

Fxy(z,y) = Fx(z)Fy (y)

for all z,y € R. <

3for our proof strategy via semirings, it is necessary
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Example 4.2 (Independent Gaussian random variables). It is well known that two zero-mean
Gaussian random variables X and Y with zero correlation are independent. Without loss of
generality, let us assume that X and Y have zero mean. By “zero correlation”, we mean that
E[XY] = 0. We have

@ y
aymm:/ / Sy (@y) dedy

with the density

1 22 y2
Ixy(z,y) = moaT, exp (— 202 - T‘g

This density can be factorized into the product of two Gaussian densities

fxy(z,y) = (ﬁt?ﬂQ/(Z(ri)) (\/2—%%67112/(205)) =t fx(z)fy (y)

Therefore, we have

Fxy(z,y) = /_1 /_yoo Ixy(z,y)dedy = /_; /_yoo Ix (z) fy (y) dz dy
:[;hmm[:h@@:&mnw>

which shows by Corollary 4.3 that X and Y are independent.

While uncorrelatedness is necessary for independence, it is a much weaker condition in general.
When the joint probability distribution is not Gaussian, two random variables can be uncorre-
lated while still not being independent. |

An important property of independence is that it is stable under measurable transformations.

Theorem 4.4 (Independence under measurable transformations). Let X,Y : Q2 — R be inde-
pendent random variables (Definition 3.2). Let f,¢: R — R be (B(R), B(R))-measurable func-
tions (Definition 3.1). Then f(X) and g(Y') are independent random variables. <

Proof. By Theorem 3.3, the functions f(X) and g(Y) are measurable, hence random vari-
ables. To prove that they are independent, it suffices, according to Definition 4.2, to show that
for any two sets A, B € B(R), the events {f(X) € A} and {g(Y) € B} are independent.

Since f and g are measurable, f~(A) and g~ (B) are Borel sets. We note that, by Fact 3.2.(iii),
{h(Z)eCy=(ho2) 1 (C)=Z""(h"1(C)) ={Zeh™'(C)}

and hence {f(X) € A} = {X € f~'(A)} and {g(Y) € B} = {Y € g7'(B)}. By the inde-
pendence of X and Y, the events {X € f~'(A)} and {Y € g~ (B)} are independent. Thus
{f(X) € A} and {g(Y) € B} are independent. O

Exercise 4.3 (Independence under derived observables). Let (2, F,P) be a probability space
and let X,Y : Q — R be independent random variables, i.e. X LY (Definition 4.2).

(a) Let Z : 2 — R be a random variable and h : R — R be a measurable function (Defini-
tion 3.1). Show that
o(h(Z)) € o(Z)

(b) Let f,9: R — R be measurable functions. Deduce from the independence of o(X) and
o(Y) that f(X) and g(Y') are independent.

(¢) Let A, B € B(R). Show that the Bernoulli random variables
U = 1{X€A}7 V= 1{Y€B}

are independent. #
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Solution.
(a) Let C € o(h(Z)). Then, by Definition 4.3, there exists D € B(R) such that
C = (h(Z))" (D)
By Fact 3.2.(iii),
(M(2)) (D) = (ho 2) (D)= Z" (k" (D))

Since h is measurable,
E:=h""(D) € B(R)

Thus, we can write
C=2z""(h"(D) =27 (E)

with E € B(R). Hence C € ¢(Z). Since C € o(h

—

Z)) was arbitrary, we conclude that

o(h(2)) S o

—

Z)

(b) Since X 1 Y, by Theorem 4.1, 0(X) and o(Y) are independent in the sense of Defini-
tion 4.4, i.e.
P(A1 N Az) = P(A1)P(A2)

for all A; € 0(X) and Az € o(Y). By (a),
o(f(X)) Co(X),  o(g(Y)) Ca(Y)

and thus the same holds for all A; € o(f(X)) and A2 € o(g(Y)). Hence, o(f(X)) and
o(g(Y)) are independent in the sense of Definition 4.4, and thus, again by Theorem 4.1,
f(X) and ¢g(Y) are independent.

(¢) Denote
f=1a, g=1p

Since A, B € B(R), the functions f, g : R — R are measurable by Theorem 3.1. Moreover,
U=1lixeay =1a(X) = f(X), V=Lyep =1p(Y)=yg()
Indeed, for every w € €,
Uw) =Lixeay(w) =1a(X(w)),  V(w) = Lyeny(w) =18(Y(w))
Since X LY, by (b), f(X) and g(Y") are independent. Hence, U L V. <

Remark 4.4. Theorem 4.4 particularly applies to continuous and piecewise continuous func-
tions and directly extends to random vectors. <

We close this section by considering independence of infinitely many random variables.

Definition 4.5. Let (92, F,P) be a probability space and let Z be an arbitrary index set.
(i) A family of events (4;)icz, where A; € F is independent if

P(ﬂm>_HM&) (4.1)

ieJ ieJ
for all finite subsets J C 7.

(ii) A family (A;)iez, where A; C F, is independent if the family of events (A;);ez is inde-
pendent for every choice of A; € A;. <

Remark 4.5. An independent family of events (A;);cz C F in particular is pairwise indepen-
dent, i.e. A; L A; for i # j. The contrary is usually not true. <

Example 4.6. We roll a fair die twice and consider the following events:
e Aj: the first roll shows an odd number
e As: the second roll shows an odd number

e As: the sum of the dice is odd, i.e. A3 = A1 A Ao
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Then, A1 1L Aa, A1 L A3z, A2 | As, i.e. the events are pairwise independent. However,
0=P(@) =P(A1 N A2 N A3) # P(A1)P(A2)P(A3)
i.e. the family A1, Aa, A3 is not independent in the sense of Definition 4.5 (i). <

Definition 4.6. Let (2, F,P) be a probability space and let Z be an arbitrary index set. The
family (X;):ez of random variables is independent if the family of (0(X;))iez is independent.
<

Finally, we remark that it is indeed sufficient to consider only finite intersections of events to
define independence. Let (A;)ien be a sequence of events such that any finite subfamily is inde-

pendent, and let
k
i=1

Then (By)ren is a decreasing sequence with (72, Ai = ()y-; Br. By continuity of P’ from above
(Theorem 1.11), we have

P (ﬂ Ai> =P (ﬂ Bk> = lim P(By)
=1 k=1
Since A1, ..., Ay are independent, we obtain

k k
P(By) =P (ﬂ Ai> =[P4

i=1
and hence

P (ﬂ A¢> = lim P(By) = lim H]P’(Ai) =[P4

=1

4.2 Borel-Cantelli lemmas

describe when events occur infinitely often.

Theorem 4.5. Let (Q, F,P) be a probability space and (A, )nen, An € F, be a sequence of
events. Then

ZIP’(Ai) <oco = P (limsup/h) =0

i=1

Proof. We have

limsup A; = m U Aj = m B

P00 k=1j=Fk k=1

with By = U;’;k Aj; for k € N. Since (By)ren is a decreasing sequence of events, we have
P (hirisol:p Ai) =P (kﬂl Bk> = lim P(By)

by continuity of P from above (Theorem 1.11). On the other hand, by the o-subadditivity of P

(Theorem 1.9), we have
P(B) =P <U Aj) <> P(A)
j=k j=k

and since the series 3 72, P(A;) converges, the tail 3 7, P(A;) must go to zero as k — oo. This
implies P(By) — 0 as k — oo, which yields P (limsup,_, ., 4:) = 0. O

Theorem 4.6. Let (Q, F,P) be a probability space and (A )nen, An € F, be a sequence of
events that are independent in the sense of Definition 4.5 (i). Then

ZP(AZ-) =00 =— P (limsupAi) =1

N i— 00
=1
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Proof. We consider

C oo oo C oo oo
(lir_nsupAi> = (ﬂ U Aj> 07,08 U ﬂ AE

71— 00

and show that

By Theorem 1.9, it suffices to prove that P((Z, AE) =0 for all k € N.

We use the inequality 1 — z < e™*, which holds for all x € R. Fix k € N and let kK < m € N.
We have

P (ﬁ AE) = ﬁ P (AE) = ﬁ(l —P(4;)) < ﬁ e P4 _ o~ EIL, P(Ay)

j=k
where we used the fact that independence is preserved under taking complements.

Since 3777, P(A;) = oo, the tail 377", P(A;) must go to infinity as m — oo and hence
o ST B(A)

as m — oo. By continuity of P from above (Theorem 1.11), we have

C . A : — X P(A )
! ! < =k J
IED(' kAJ) lim P( |AJ> < lim e+ 0
j=

=k

for all kK € N. O

Example 4.7 (Monkey typing Shakespeare). Let A be a finite alphabet and w = a1 ---a, a
fixed word of length n with a; € A for all i. Consider an infinite random string (X;);en where
the X; are independent and uniformly distributed on A. Then, with probability 1, the word w
appears infinitely often as a consecutive block in the infinite string.

To see this, partition the infinite string into infinitely many disjoint blocks of length n. For
k € N, let Ay be the event that the k-th block (i.e. the positions (k — 1)n+1,...,kn) is ex-
actly equal to the word w. Since the blocks do not overlap, the events (Ax)r>1 are indepen-
dent. Moreover,

n 1 n
P(Ax) = [ [P(X (- 1yni = ai) = (W) >0
i=1
for every k € N. Hence q )

oo o0 1 n

Sran =3 () ==

P = A
By Theorem 4.6, this implies

P (lim sup Ak) =1
k— o0

Thus infinitely many of the blocks are equal to w with probability 1. In particular, the word w
appears at least once in the infinite string in n consecutive positions with probability 1.

Let w be the complete works of Shakespeare and consider a monkey randomly typing on a type-
writer one character at a time. Theorem 4.6 then states that, given infinite time, the monkey
will reproduce the works of Shakespeare infinitely often with probability 1. <

Combining Theorem 4.5 and Theorem 4.6 yields Kolmogorov’s zero-one law for independent
events.

Theorem 4.7. Let (2, F,P) be a probability space and let (A,)nrcn be a sequence of inde-
pendent events. Then

P (limsupAi) = {1 if 3772, P(Ag) = o0

i—00 0 if Y72 P(A) < 0 4

Similarly to Definition 4.3, we can define the o-algebra generated by a collection of random
variables:
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Definition 4.7. Let (Q2, F,P) be a probability space and let {X; : i € I'} be a collection of
random variables, where [ is an arbitrary, possibly countably or uncountably infinite index set.
We call

c({Xi:iel})=c({X;"(B):i€,BeBR)}) CF

the o-algebra generated by {X; : i € I}, sometimes abbreviated o(X; : i € I). <

Remark 4.8. Unlike for single random variables (Definition 4.3), the outer o(-) is necessary

here because the collection
{X;"(B):ie€l, BecB[R)}

is generally not a o-algebra itself: it contains events depending on one random variable at a
time, but not necessarily events involving several random variables simultaneously. In contrast,
for a single random variable X, the collection

{X'(B): B e B(R)}

is already a o-algebra, since, by Fact 3.2, preimages preserve the set operations required for a
o-algebra (Definition 1.3). <

Exercise 4.9 (Borel-Cantelli and almost sure behavior of maxima). Let (X,)nen be indepen-
dent real-valued random variables on (2, F,PP). Assume that

1

for all n € N. Define
M, = max{X1,...,Xn}

for n € N.

(a) Show that the event
A={weN: Xp(w) >nio}

has probability zero.
(b) Show that, with probability one, there exists N(w) such that

Xn(w)<n

for all n > N(w).

(¢) Show that, P-almost surely,
M
n

eventually.

(d) Interpret this result in terms of the growth of the sequence (Xy)nen. &
Solution.

(a) Define the events
Ap ={w e Q: Xp(w) >n}

for n € N. Then
A =limsup A,, = m U An

nreo k=1n=Fk

By assumption,
1
P(A4,) =P(X, >n) = =

n2
Hence - -
SPA) =Y L mc@=" <o
n=1 n=1 n2 6
where {(z) == 3 >, n~ % is the Riemann zeta function, defined for « > 1. Thus, by Theo-
rem 4.5,

P(A) =P (lim sup An) =0

n—00
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(b) Observe that

Al = {w € Q: Xn(w) > n only finitely often}
={w € Q: Xp(w) <n eventually}
={w € Q:3IN(w) € N such that X,(w) <n for all n > N(w)}

From (a), we know that P(A) = 0, hence
P(AYY =1-P4) =1
Therefore, for almost every w € , there exists N(w) such that for all n > N(w),

Xn(w) <n

(¢) Fix w € A%, By (b), there exists N(w) € N such that for all n > N(w),
Xn(w) <n
Since the random variables are real-valued, i.e. —co < X;(w) < oo for all ¢ € N, define
C(w) == max{0, X1 (w),..., Xnw)-1(w)}

and
m(w) = max{N(w), [C(w)]}

Then, for every n > m(w), we have
o Xij(w)<Cw)<nforallie{l,...,Nw)—1}
o Xi(w)<i<nforallie{N(w),...,n}

Hence

My (w) = max X;(w) = max{X1(w),..., Xnw)-1(w), Xn@)W),..., Xn(w)} <n

1<i<n -

<C(w)<n <n

for all n > m(w). Therefore
My (w)
n

for all n > m(w). Since P(A%) = 1, we conclude that

Mn<
S

<1

[t

eventually P-almost surely.

(d) The running maximum M, grows no faster than linearly, almost surely. More precisely,
with probability one, there exists m(w) € N such that

Mp(w) <n

for all n > m(w). Equivalently, the sequence (X, )nen exceeds the linear threshold n only
finitely often. <

Exercise 4.10 (Infinitely many successes). Let (Xn)nen be independent Bernoulli random
variables with
P(Xn=1)=p PX.=0=1-p pe(0,1)

Consider the event
A={weN: X,(w) =1 for infinitely many n € N}

(a) Show that A belongs to the tail o-algebra

T = ﬂ o({Xn:n>N})
(b) Deduce that P(A) € {0,1}
(c) Show that P(A) =1 &
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Solution.

(a) Define A, = {w € Q: Xn(w) = 1} for n € N. We have

D)

A =limsup A, = ﬁ [j An =
k=1n=k

n—o0o

U
n=k

for any fixed N € N, since removing finitely many initial events does not change the event
that Ay occurs for infinitely many k.

k

N

Next, we define
Tnv =c({Xn:n>N})
for N € N. Obviously, A, € Ty for all n > N. Since Tx is closed under countable unions,
we have -
U A, €TN
n=k

for all £ > N. Hence, for any fixed N € N, we also have

A= ﬂ UAnETN

(b) Since the X,, are independent random variables, the A, = X, '({1}) € ¢(X,,) are inde-
pendent events. Since
A = limsup A,

n—o0

we have by Theorem 4.7 that P(A) € {0, 1}.

(¢) We show that the value is in fact 1. Consider the complement

AL = {w € Q: X, (w) =0 eventually} = U ﬂ {X, =0}
N=1n=N

For fixed N € N, define
By = [ {X,=0}
n=N
and, for m > N,

BN,m = ﬁ {Xn = 0}

n=N

Then (Bn,m)m>n is a decreasing sequence of events with
By = ﬂ Bn,m

m=N

By continuity of P from above (Theorem 1.11), we obtain
]P)(BN) = lim ]P)(BN,m)

m—r o0

Using the independence of the random variables X,,, we get
IR 1) ™ _
P(BN,m) =P ( m {X, = 0}) (:) H P(X,=0)=(1 —p)™ N+1
n=N n=N

Since 0 < 1 — p < 1, it follows that

P(By) = lim (1—p)™ V' =0

m— 00

for every N € N. Hence, by countable subadditivity (Theorem 1.9),

P(AY =P ( G BN> = i P(By) =0

N=1 N=1
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Thus P(A%) = 0, and therefore P(4) = 1.

Alternatively, this follows immediately from Theorem 4.6. The events A, = {X,, = 1} are
independent and
P(A,) =P(X,=1)=pe€ (0,1)

for all n € N. Thus,
STR(A) =3 p =
n=1 n=1

and hence, by Theorem 4.6, we obtain P(A) = 1. <
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5 The integral

5.1 Construction of the integral

The construction a general measure integral is performed in the following steps:
1. Definition 5.1: Construction for indicator functions
2. Definition 5.2: Construction for non-negative simple functions
3. Definition 5.3: Construction for non-negative measurable functions
4

. Definition 5.4: Construction for integrable functions

Throughout this section, let (2, F, ) be a measure space.

Definition 5.1 (Step 1). Let f: =14 with A € F. We define

[ Fau=nta) (5.1)
Next, we consider non-negative simple functions

f=) aila, (5.2)
i=1

where a1,..., 0, >0 and Ay, ..., Ay € F with Q = (JI'; Ai. Without loss of generality, we
assume A; N Aj; = & for i # j. As the representation of f in (5.2) is not unique, we require the
following lemma, to be able to define an integral in a sensible way.

Lemma 5.1. Let f be a non-negative simple function and suppose

F= ot =Y A,
i=1 j=1
Then, there holds
> aip(Ai) =Y Biu(By)
i=1 j=1

Proof. By definition of f, there holds

M(Az‘)zz,u(AiﬂBj) i=1,...,m
j=1

as well as
m

/,L(Bj):Z,U/(AimBj) ji=1,...,n

i=1
Furthermore, we observe that a; = 3;, whenever p(A; N B;) > 0. Hence, we immediately obtain

m n n

Zai#(Ai) => > am(AinNB) =3 > Biu(AiNB;) = ZﬁjH(Bj)

i=1 j=1 j=1i=1

O

Definition 5.2 (Step 2). Let f =" a;14, be a non-negative simple function. We define

/fdu =D oip(Ay) (5.3)

<

The integral derived in the previous definition has the following elementary properties.

Lemma 5.2. Let f, g be non-negative simple functions and let a € [0, 00). There holds
@) [(f+9)du=[fdu+ [gdu
i) [(af)dp=af fdu
(ili) f < g (pointwise) implies [ fdu < [gdp <
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Proof. (i) Let f=>" aila,,g= Z;:I Bilp;. Since Ai,..., Ay, as well as By, ..., By
are disjoint partitions of (2, we can write

F=2_2 adans;  9=2 > Bilans,
i=1 j=1 i=1 j=1
Hence, we have the representation
m n
f+g= Z Z(O‘l + Bj)lAimBj
i=1 j=1

implying

n

_/(erg)dlt: ST (i +B)m(Ai N By) =D > ayu(A; N By) + > > Bju(A; N By) :/fdu+/gdu
i=1j=1

i=1j=1 i=1j=1

(i1) Follows directly from the definition of the integral and the linearity of the sum. Indeed, if
f=>" aila,, thenaf =a) " a;la, =Y v, acyla,, and hence

/af dp =Y acip(A) =a _ aip(A) = a/fdu
i=1 i=1
(iii) Let f, g be represented as in (i). Then, there holds a; < ; whenever p(A4; N B;) > 0. We

obtain
[fdu=3" > amains) <35 puans) = [ gdn

i=1 j=1 i=1 j=1

as claimed. 0

To define the integral for non-negative measurable functions, we require the following approxi-
mation property.

Lemma 5.3. Let f:Q — [0,00] be measurable (Definition 3.1). Then

(i) there exists a monotonically increasing sequence (fn)nen of non-negative simple functions
such that f, — f

(ii) there exist measurable sets A1, Az,... € F and numbers a1, az,... > 0 such that

=2 anla,
n=1

0 t + t t
—2 -1 0 1 2

Proof. (i) For n € Ny, define f, = min {27"[2"f|,n}. The function f, is measurable and
assumes at most n2" + 1 (finitely many) different values; 0,27",2-27",3-27" ... n.
Hence it is a simple function. Clearly, f(w) < f(w) for all w € Q. Moreover, the sequence
fn is monotonically increasing and converging to f.

49



5 The integral

(ii) Let f, be as in (i). Since the sequence (fr)nen, is monotonically increasing, the functions
frn. — fn—1 are non-negative for every n € N. Moreover, since f,, and f,_1 are simple func-
tions, also f,, — fn—1 is a non-negative simple function. Set

Bni={weQ: fr(w) — fa—1(w) =i27"} and Bni=1i2""

forn e Nandi=1,...,2". Since f, — fn—1 is measurable, all sets B,,; are measurable.
Furthermore, the sets B, ; describe the non-zero level sets of f, — fn—1. For every fixed
n € N, the refinement from f,,—1 to f, can increase the value by at most 1, and the possi-
ble increments are multiples of 27 ™. So the possible non-zero values of f, — f,,—1 are con-
tained in 27",2-27",3-27" ..., 1. The zero level is omitted, since it does not contribute

to the sum. Hence
on

fn - fn—l - Zﬂn,ian‘q‘,

i=1
for every n € N. By changing the numeration (n,) — m, we get (&m)men and (Am)men

such that o
f(ozl) fO"V‘Z(fn_fnfl):Zzﬁn,ian’i = ZamlAm
n=1 n=1i=1 m=1 O

Similarly to the case of simple functions (Lemma 5.1), we need to show that the integral is in-
dependent of the approximating sequence.

Lemma 5.4. Let (un)nen and (vm)men be monotonically increasing sequences of non-negative
simple functions. Then, if sup,,cy Un = sup,,,cy Um, there holds

sup/undu: sup/vmdu
neN meN <

Proof. Let v, = Zf’:"l am,jla,, ; and define the sets By, ,, == {un > sum} € F, s € R. Since
un and vy, are measurable, we have B;, ,,, € F. Moreover, since (un)nen is monotonically in-
creasing, the sets Bj, ,, are monotonically increasing in n as well. Indeed, if w € B;, ,,,, then

Un (W) > $Um(w) and un41(w) > un(w), hence w € By 41 .

For s € (0,1), we have due to sup, ey un > vm that (o, B; , = Q. Consequently, for every
7=1,..., km, we have

Am,j N U sz,m = Am,j
n=1
and therefore, since A, ; N By, ., is increasing in n, continuity from below (Theorem 1.10) gives
) (1.6) [eS] oo
Tim p(Ay OB} ) = (U (Anm.s nBz,m>> = u (Am,j nU Bi,m> = i(Amg)  (5.4)
n=1 n=1

By construction, we have u, > sv,1ps  , since, on By, ., this is exactly the inequality u, >
sUm, and outside By, ,,, the right hand side is zero. Moreover, sv,,1ps  is a non-negative sim-
ple function (5.2), since

km km
S’UmleL,’nL = 52 :amvj]‘Am,j 1BfL,m = 2 :Sam’lem,ijfL,m
j=1 Jj=1

Hence, by Lemma 5.2,

km

(iii) G )
/un du > /svmlBi L dp @ s/vmlgi odp @2 SZOzm,ju(Am,j N By m)
j=1
Taking the supremum over n yields

km Km
sup/un dp > ssup Y i p(Am,; N By ) = 8 im Y~ i, 1(Am,g 0 By )
neN nGszl n—oo =1

=5 i iy 0 Bn) Y Ans) =5 [ onda
j=1 Jj=1

where we used the fact that the sequence inside the supremum is increasing in n (hence the
limit and the supremum are equal), and since the sum is finite, we could pass the limit through
the sum. Letting s 1 and taking the supremum over m € N yields the claim. The opposite
inequality is obtained analogously, by exchanging the roles of (un)nen and (vm)men. O
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Definition 5.3 (Step 3). Let f:Q — [0, 00] be measurable and let (fn)nen be a monotoni-
cally increasing sequence of non-negative simple functions with f = sup,,cy fn. We define

/fdu = sup/fn du (5.5)
neN
<

The properties from Step 2 directly transfer to Step 3.
Lemma 5.5. Let f,g:Q — [0, 00] be measurable and let a € [0, 00). There holds

(W) J(f+g)du=[fdu+ [gdpu

(i) f(af)du=af fdu

(ili) f < g (pointwise) implies [ fdu < [gdu <
By splitting a given measurable function f : £ — [—o00, o0] into its positive part

fT = sup{f,0}
and its negative part
f7=sup{-f,0}

we arrive at the final step.

Definition 5.4 (Step 4). A measurable function f: Q — [—00, 00] is called p-integrable if

Jistan= [ 5t ans [ 17 an<oc

If either of the terms on the right hand side is bounded, we define the p-integral of f according

! [ran=[ £ au- [ 1 due o) (5.6)

Finally, for A € F, we define the integral of f over A by

[ ran= [ taan (5.7)

Lemma 5.6. For integrable functions f, g, there holds

(i) f < g p-almost everywhere implies [ fdu < [gdp
(i) f = g p-almost everywhere implies [ fdp = [gdp

(ili) [|f|dp < oo implies |f| < co p-almost everywhere <
Example 5.1.
1. For (Q, F, ) = (R, B(RY), A?), we denote the Lebesgue integral by
f(x)da = [ fdx* (5.8)
RA R4
More generally, for A € B(R?), we write
/ f(z)da = / fdx? (5.9)
A A
In case d =1 and A = (a,b) or A = [a,b], we also write
b
/ f(z)dz = / fax' (5.10)
a A

2. For (Q,F,n) = (R, B(R), pur) with the Stieltjes measure pr (Example 2.8), we denote the

Stieltjes integral by
[ 9@ aF@ = [ gaur
Q Q

If F ¢ C*(R) with F' = f, there holds

/Q o) dF (@) = [ 9(o)f(@) ds

Q

3. If Q is countable, F = 2 and u = > weq Ow is the counting measure (Definition 1.6), then

there holds
[ =31 (5.11)

weN <
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Definition 5.5. L£'(Q,F,u) denotes the set of all real-valued p-integrable functions. <

Lemma 5.7. The set £'(Q2, F, 1) together with the usual addition and scalar multiplication
of functions is a real vector space. Moreover, the mapping f — f fdu is a continuous linear
form on L£*(Q, F, u). <

For random variables, the linear form defined earlier amounts to the expectation.

Definition 5.6. Let (2, F,P) be a probability space and let X € £(Q, F,P). The expecta-
tion of X is defined as

E[X] == /Q X dP (5.124)

Example 5.2. We consider infinitely many rolls of a fair die. Let D = {1,2,3,4,5,6} with
o-algebra 27 and probability measure Pp given by Pp({k}) = & for k € D. Set Q := D" and
for each i € N define the coordinate maps X; : Q@ — D,

w— Xi( —wl—Zkl
keD

({k}) w)

We define the o-algebra
Fi=0o (X;l(A) €N, Ae 2D)

which is the smallest o-algebra on 2 which makes all coordinate maps X; measurable. On the

algebra of cylinder sets
C:= {ﬂ XN (A
i=1

we define P by XTI Ay x X2 L D={w€Q:X () €A1, Xr(w) € Ap} is a cylinder

]P’((i(lAi) x ( X )) HPD (5.13)

for r € N and Ai,..., A, € 2P, Then, by Theorem 2.5, P extends uniquely to a probability
measure on F, which we call the infinite product measure and write F = ) 2P p= ]P’%N .

creN, AiezD}

ieN
Now, we note that each X,, has the same distribution Pp, and

m—1
Xy Do ARy x XEZ,

/
(512)/)( dP = ST RP(X ({R) P2V ST kB ({R)) = Zk_35

keD keD

D e ( (also a cylinder)

1 n

which is the expected value of a single die roll. Now consider S, == - > ", X;, the average

result of the first n rolls. By linearity of expectation, there holds
1 _ Lemma 5.7 1 =
E[S,]| =E| = X; = — E[X;| = 3.
S =2 [ 3 x PILEIEEE

Example 5.3 (Expected waiting time for the first 6). Consider a general die with Pp({6}) =
p > 0. Let

T(w) =min{n € N: X, (w) = 6}
be the waiting time for the first 6. We have

{T:k}:{weﬂ:/\lXi( ) # 6 A Xp(w) } ﬂ{X #6} N {Xy =6}

i=1

and therefore, by independence of the coordinate maps,

k—1
P(T = k) (HPX¢6> (X =6) = (1-p)*p
Now, we can compute the expected waiting time for the occurrence of the first 6. There holds

E[T)] (512)/le11> Z/ TdpP

keN

since the sets By = {T = k} partition Q up to the P-null set {T' = co}. Due to T'|p, =k, we

arrive at
Z/ TdP=> kP(By) =Y kp(1-p)* "=

keN keN keN <
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Proposition 5.8 (Integration with respect to finitely many Dirac measures). Let (E, &) be a
measurable space, let z1,...,z, € E, and let a1,...,a, > 0. Set

o= Z alémb
i=1
where 6, (A) = 1a(z;) for A€ E. If f : E — R is p-integrable, then

/E fan =Y aif@) (5.14)

Proof. We follow the construction steps of the integral.

1. Let f =14 with A € £. Then, by the definition of u, we have
W(A) = aibe, (A) = aila(zs) (5.15)
i=1 i=1

Hence,

2. Let s : E — [0,00) be a non-negative simple function of the form s = 37" | a;14;. Then,

Jj=1
(5.15) Z a; Z ailAJ (Iz)
j=1  i=1
= Z a; Z a;jla, (z;) = Z a;s(x;)
=1 Jj=1 1=1

3. Let g : E — [0, 00] be measurable. By Lemma 5.3, there exists a monotonically increasing
sequence (sk)ken of non-negative simple functions such that sx g pointwise. By the pre-

vious step,
/ gdu 22 sup/ sk du
E keNJE

= sup Z a;sk(x;)

keN ‘7

= a; sup sg(x;) = a;g(x;
; zkeg () ; ig(w:)

where in the last step we used that the sum is finite and sg(x;) 7 g(x;) for every ¢ =
1,...,n.

4. Let f: E = R be p-integrable. By the previous step applied to f* and f~, we have

[rran=Yart @) ad [ f A=Y e @)
E i=1 E i=1

Therefore,
[oran® [ rrau= [
=D aif (@) =Y aif (@)
i=1 i=1
=Y ai(fH @) = f (@) =) aif(w)
i=1 i=1
This proves (5.14). O
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Proposition 5.9 (Integration with respect to countably many Dirac measures). Let (E,E&) be
a measurable space, let (z;);en be a sequence in E, and let (a;)ien be a sequence in [0, 00). Set

W= Z @0z,
iEN

where 6,,(A) = 1a(x;) for A€ . If f: E — R is p-integrable, then

/E fdp=> " aif(z:) (5.16)

‘€N <

Proof. We follow the construction steps of the integral.

1. Let f =14 with A € £. Then, by the definition of u, we have

P(A) =" aibe, (A) = aila(z) (5.17)

i€EN ieN
Hence,

l/]1Adu(?3)u@4>“57)§ZCM1A<w0
E

1€EN

2. Let s: E — [0, 00) be a non-negative simple function of the form s = 32", a;14;. Then,

(5.3) m
/Sdu =03 aiu(4y)
E =

(527) Zaj Zail,q]. (ZEZ)
j=1 i€EN
m
= Zai ajla;(zi) = Zais(ﬂci)
1

ieN  j= ieN

where the interchange of the sums is allowed because all terms are non-negative and the
sum over j = 1,...,m is finite.

3. Let g : E — [0, 00] be measurable. By Lemma 5.3, there exists a monotonically increasing
sequence (sk)ken of non-negative simple functions such that sx g pointwise. By the pre-

vious step,
/ gdu &85 sup/ sk du
E keENJE

= sup Z aisk(zi)

keNeN
N

= sup sup E a;sk(x;)
keN NeN {7

N

= sup sup Z a;sk(x;)

NeN keN T

N

sup Z a; sup sk ()

NeN‘Z{ keN

sup Zaig(mi) = Zaig(m)

NeN = €N

where we used that, for non-negative series, the infinite sum is the supremum of its partial
sums, that the supremum over the product index set N x N is independent of the order
in which the two suprema are taken (i.e. suprema commute), and that the sum over ¢ =
1,..., N is finite.

4. Let f: E — R be p-integrable. Applying the previous step to |f| yields

> ailf@ol = [ I5lan <o

i€N

Hence ), .\ ai f(x:) is absolutely convergent.
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By the previous step applied to f™ and f~, we have

[Fran=Yar@ ad [ fa=Yar @

1€N 1€N
and both sums are finite. Therefore,
5.6) _
[ran™ [ fran- [ 1 a
E E E

= Z aif*(z:) — Z a; f (21)
1eN 1eN

=D ai(f (@) = f (@) =Y aif(w:)
1€EN 1€N

where the penultimate equality is justified by absolute convergence. This proves (5.16). O

5.2 Properties of the Integral

Theorem 5.10 (Change of variables). Let (2, F, 1) be a measure space and (Q', F') be a
measurable space. Further let T': Q — Q' be measurable. Then, there holds for every measur-
able mapping f : Q' — R that

(i)
/ fEdur = / ffoTdu (5.18)
(91 Q

(ii) f is wr-integrable if and only if f o T is p-integrable. <
Proof. Claim (ii) immediately follows from (i). The proof of (i) follows the construction steps
of the integral.

First, let f =14, A € F'. Then, there holds
(3.1)

[ £ () 2 @) [ du= [1a0rdn= [ foran

Second, the left-hand side and the right-hand side of (i) are linear in f. Therefore, the claim
also holds for non-negative simple functions.

Finally, approximating f > 0 by a monotone increasing sequence and taking limits proves the
claim for any non-negative measurable function. O

Corollary 5.11. LeL(Q, F,P) be a probability space and X : Q@ — R be a random variable.
Further, let f : R — R be measurable, such that either f(X) is integrable or non-negative.
Then, there holds

E[f(X)] :/fle’x (5.19)
R
Especially, there holds E[X] = [, tdPx and E[X?] = [, t* dPx. <

Proof.

E[f(X)] (‘22)/Qf(X)dIP:/Qfon]P’Q/RfdPX -

Remark 5.4. Corollary 5.11 tells us that the statistics of X are determined by the distribu-
tion/image measure Px on (R, B(R)). The underlying probability space is not relevant. Espe-
cially, if X : Q — N, there holds E[X] =", . kP(X =k) and E[X?] =Y, (K’ P(X =k). «

Definition 5.7. Let X : 2 — R be a random variable. We say that X admits a Lebesgue

density if its distribution Px admits a density with respect to Lebesgue measure in the sense of
Definition 5.8, i.e. if there exists a measurable function fx : R — [0, co] such that

Px(A) = /A Fxdat /A Fx(z)dz (5.20)

for all A € B(R). In this case, we say that fx is a Lebesgue density of X. Such a density is
unique only up to A'-almost everywhere equality. |
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Remark 5.5. The usual formulas for expectations in the discrete and continuous settings are
recovered directly from Corollary 5.11.

If Px admits a density fx with respect to Lebesgue measure, then by Theorem 5.15, applied
with (Q, F,p) = (R, B(R),\"), v = Px, f = fx, we have,

E[x] 2% / X dp
Q

= / idr o X dPP
Q

6% / ids dPx
R
€29 / idg - fx dA!
R
D / (ide -fx) (x) dz
R
:/foX(x) dz
R

where the second-last equality is just the notation from Example 5.1.
There are three equivalent ways of treating an N-valued random variable.

First, one may regard X as a real-valued random variable X : 2 — R whose image is contained
in N. Then Px is a probability measure on (R, B(R)) and satisfies Px (N) = 1. Thus Px is con-
centrated on N, and therefore idg = ZkeN kl{k} P x-almost everywhere, i.e. the RHS is the
function z — z1n(x) from R to R. Hence

E[X] Definition 5'6/QXdIP

Theorem 5.10 .
= /IdR dPx

R
Lemma:5.6 (ii) Z kl{k} dPx
R ken
Corollgy 5.13 Z/ k’l{k} d]P)X
keNR
Lemma:5A5 (ii) Z k/ ]_{k} dPx
keN YR
Deﬁnigon 5.1 Z k]P)X({k’})
keN
Deﬁnigon 3.4 Z kP(X_l({k}))
keN
=Y kP{weQ: X(w) =k})
keN
=> kP(X =k)
keN

Equivalently, one may regard X directly as a random variable X : @ — N. Then Px is a prob-
ability measure on (N, 2"). In this convention, idy = Y, c\ k1(x} holds pointwise (i.e. every-
where, not just almost everywhere), and therefore the same computation is written as

E[X] Definition 5A6/QXdIP
Theore:m i').l()/\idN dPX
N

= / > k1 dPx

keN
Corollgy 5.13 Z/kl{k} dPX
keNYN
Lemma:5.5 (ii) Zk‘/ 1{k} dPx
ken N

56



5 The integral

Definition 5.1 Z kPx({k})

Definition 3.4 S 1 p(X 1 ({k}))
=> kP({we Q: X(w) =k})
keN
=> kP(X =k)
kEN

A third, equivalent viewpoint is to write the distribution itself as a countable sum of Dirac mea-
sures. Indeed, for every A € 2%, we have

]PX (A) Deﬁnigon 3.4 ]P)(Xil(A))
=P(X € A)

=) P(X =

keA

=Y P(X = k)d(A)

keN

x = ZIP’(X = k)

keN

and therefore

as measures on (N, 2N). Thus, using Proposition 5.9, one can write
E[X] Definition 5.6 / X dP
Q

Theorem 5.10 .
= /ldN dPx
N

g

keN

Proposltlon 5.9
> P(X = k) idu(k)
keN

=Y kP(X =

keN

Here, the same formula is obtained by rewriting the measure Px, rather than by rewriting the
function idy. <

We have the following important result for product measures (Example 2.5).

Fact 5.12 (Tonelli-Fubini). Let (917.7:1,/“) and (Qg,]:z, w2) be o-finite measure spaces (Def-
inition 1.5) and let f: Q; x Q2 — R be (F1 ® F2, B(R))-measurable (Definition 3.1).

(i) If £ >0, then f(z,-) : y+— f(x,y) is (F2, B(R))-measurable for every x € Q.

Furthermore, f1:z — sz x,7y) dps is (Fi, B(R))-measurable.

)-
(R
(ii) If f >0, then f(-,y): x — f(=z,y) is (F1, B(R))-measurable for every y € Q.
Furthermore, f2 :y— fﬂl x,y) duy is (Fz, B(R))-measurable.

(ili) If f € £'(u1 ® p2), then f(x,-) € L' (u2) pa1-almost everywhere and f(-,y) € L' (1) po-
almost everywhere.

(iv) If f > 0or f € L' (1 ® p2) (Definition 5.5), then there holds

/Ql /92 Sz dpr = /legz Fdli @ pe) = /Q2 /Ql f dpn dpz (5.21)

<
Remark 5.6. (i), (ii) together with (iv) in the case f > 0 are usually referred to as Tonelli’s

theorem and allow the value oo for the integrals. (iii) and (iv) in the case f € £'(u1 ® p2) con-
stitute Fubini’s theorem and yield finite and equal iterated and product integrals. <
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Corollary 5.13. Let (2, F,7n) be a measure space and let fi, f2,...: Q — R be measurable
such that f, >0 for alln € Nor Y, . [, [fn|dn < co. Then, there holds

/ > fadn= Z/ fudn (5.22)

neN neN <

Proof. We apply Fact 5.12. Set p1 =1, g2 =Y,
ple 1.7) and define

nen On (counting measure on N, see Exam-

F:OxN—R
(w,n) — F(w,n) = fn(w)

which is (F ® 2V, B(R))-measurable. Indeed, for B € B(R), we have f, *(B) € F by measurabil-
ity of fn, and {n} € 2". Hence

il (B)x{n}e{AixAr: A € F, A € 2"} Co({A1 x Az : Ay € F, Az €2"})

F@2N

for every n € N, where we used the definition of the product o-algebra (Example 1.4). Since
{(w,k) € A xN: F(w, k) € B}

={(w,k) € QA xN: fi(w) € B}
{(w, k) € QX N: fr(w) € BAtrue}

{wk ) €EQXN: <\/false>\/(fk(w)EB/\true)\/< <7 false)}

n=k+1

{wk €QxN: \/ (falw GBAk—n)}

neN

I
C

{(w,k) € A xN: fp(w) € BAk=n}

= J{wk e2xNiwe £ (B)Ake {n}}
= {w.k) :we £ (B) Ak e {n}}
= J (f2"(B) x {n})

and F @ 2" is closed under countable unions, it follows that F~1(B) € F @ 2" for every B €
B(R).

If f,, > 0 for all n € N, then F' > 0.
In the second case, by applying Tonelli to (the non-negative function) |F| and using the as-

sumption,
[ plameum @ [ [ Plandes 205 [ <o
QxN

neN

so F' € L'(n ® pe) in that case (Definition 5.5).
Thus,
[  | ramn' [ [ roi25 1
QL en Q JN NJQ nenNv O

Corollary 5.14. Let (2, F,P) be a probability space and X1, X»,... random variables such
that X, >0 foralln € Nor Y _ E[X,|] < co. Then, there holds

E ZXH] =Y E[X,]

neN neN <

neN

Proof. Follows from Corollary 5.13 and the definition of expectation (5.12). O

For the remainder of this section, we introduce measures that admit a density.
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Definition 5.8. Let u and v be measures on the measurable space (2, F). We say that v ad-
mits a density with respect to p if there exists a measurable function f : Q — [0, oo] such that

v = [ fan
A
for all A € F. In this case, we say that f is a density of v with respect to pu. <

Theorem 5.15. Let (Q,F, 1) be a measure space and let f : 2 — R be measurable and non-
negative. Then, the mapping
v:F —[0,00]
Avr— v(A) ::/ fdu
A

defines a measure (Definition 1.5). In particular, f is a density of v with respect to y in the
sense of Definition 5.8. For any measurable and non-negative function g : 2 — R, there holds

/div=/ﬂgfdu (5.23)

<

Proof. Let Ai, As,... € F be disjoint. Then, there holds
v A, | = /
< U > U

(5.7)
f [ 110, a0 du
Q

[ tadu

neN nen An

neN
= [ 3
QnGN
(5.22 (5.7)
SO TR DY RFTTED SIS
nen’ nen’ An neN

which shows that v is a measure.
To prove (5.23), we follow the steps 1, 2, 3 in the construction of the integral:

1. First, let g = 14 for some A € F. By the definition of the integral for indicator functions
(Definition 5.1),

/gdy:/1Ady(5il)y(,4):/fdlu(5:'7)/flAdu:/gfdu
Q Q A Q Q

where the central equality is just the definition of v. Thus, the claim holds for indicator
functions.

2. Next, let g be a non-negative simple function g = Zzl a;la, with a; > 0 and A; € F.
Using the definition of the integral for non-negative simple functions (Definition 5.2) and
step 1., we obtain

/ gdv (2.3) Zail/(Ai) S2Y Zai/ 14,dv
Q2 i=1 i=1 Q2
= Zai/flAidM:/fzailAidu:/fgdu
i=1 2 [ — Q

where we used Lemma 5.5 in the penultimate step.

3. Finally, let g : © — R be measurable and non-negative. By Lemma 5.3, there exists a mono-
tonically increasing sequence (gn)nen of non-negative simple functions such that g, — g.
Since g, " g and f > 0, we also have gnf " gf. Therefore, by the definition of the inte-
gral for non-negative measurable functions (Definition 5.3) and step 2., we obtain

/gdv ) sup/gnduésup/gnfdu (E’)/gfdu
Q neNJQ neNJQ Q

Hence, the integral identity (5.23) holds for all non-negative measurable g. O
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Definition 5.9. Let p, v be measures on the measurable space (€2, F). The measure v is called
absolutely continuous with respect to u, we write v < p, if

wA)=0 = v(A)=0
for all A € F. <

We close this section by the following statement known as Radon—Nikodym theorem in litera-
ture.

Fact 5.16 (Radon—Nikodym theorem). Let (2, F,u) be a o-finite measure space and let v :
F — [0,00] be a measure. Then v is absolutely continuous with respect to p in the sense of
Definition 5.9 if and only if v admits a density f with respect to u in the sense of Definition 5.8.
Especially, this density f is p-almost everywhere uniquely determined, i.e. v = fipu = fou =

n({fr # f2}) = 0. <

5.3 LP-spaces

Throughout this section, we assume that (€, F,P) is a probability space. The first result is
known as Jensen’s inequality.

Theorem 5.17 (Jensen’s inequality). Let ¢ : R — R be convex, i.e.
A¢(x) + (1= No(y) = oAz + (1= N)y)

for all z,y € R and all A € [0,1]. If X : Q — R is a random variable such that X and ¢(X) are
integrable, then there holds

[ #(E[X)) < E[p(X)]| (5.24)
<

Proof. Since ¢ is convex, there exists for each zp € R a line x — £(z) = ax + b such that
£(z) < ¢(x) and £(z0) = ¢(x0). Choose zo = E[X]. Then, we infer

P(E[X]) = L(E[X]) = aE[X] + b = E[aX +b] = E[((X)] < E[¢(X)]

by the linearity (Lemma 5.7) and monotonicity (Lemma 5.6) of the integral and the fact that
b=E[b]. O
Example 5.7. Let X : Q — R be an integrable random variable. Then, there holds, for exam-
ple,

L |E[X]| < E[X]]

2. eFEIX] < EletX]

3. (E[X])? < E[X?] and, more generally, | E[X]|? < E[|X|?], 1 <p < o0 <

Definition 5.10. Let X : @ — R be a random variable with E[X?] < co. Then, the variance
of X is defined as

Var[X] = E [(X — E[X])?] = E[X?] — (E[X])? € [0, 0) (5.25)
The corresponding standard deviation is given by o(X) = y/Var[X]. <

Remark 5.8. There holds Var[X] = 0 if X = E[X] P-almost surely. Moreover, it is easy to
see that
Var[aX + b] = a® Var[X]

for all a,b € R. <
In analogy to the variance, we can also consider higher order moments of random variables.

Definition 5.11. We define the LP-norm according to

p|l/p
1% = {iﬂi! [0,00] : | X| < s P-almost surely} ;iio< ” (5:26)
Corresponding to the LP-norm, we introduce the sets
LPQ,F,P)={X:Q—=R:[X|, < oo}
Especially, there holds £P(Q2, F,P) C £I(Q, F,P) for p > gq. <
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Remark 5.9. The inclusion LP(Q, F, u) C LI(Q, F, p) is usually wrong for general measure
spaces. Further, we observe that X € £2(Q, F,P) if and only if X € £'(Q, F,P) and Var[X] <
0. <

Fact 5.18. Let X,Y : Q — R be random variables. There holds for any p,q € [1, o] that
1) IXY |l < IXIIpllY]lq whenever 1/p+1/q =1 (Hélder’s inequality)

(i) X +Ylp, < || X|lp + IY|lp whenever X +Y is a.s. well defined (Minkowski’s inequality)
<

Remark 5.10. As a consequence of (ii), the LP-norms are semi-norms. They become norms
under the equivalence relation X ~ Y if and only if P({X # Y'}) = 0. The corresponding spaces
are denoted by LP(Q, F,P) C LP(Q2, F,P) and are Banach spaces. <

Next, we prove the well known Chebyshev—Markov inequality.

Theorem 5.19 (Chebyshev—Markov inequality). Let X : Q — R be a random variable. Then,
there holds

P(X| > a) < - E[XP]

for all a,p > 0. <
Proof. Let

No ={|X| = a}
Then,

(1)
E[|X|?] :/ |X\pd]P’2/ |X\pd]P’2/ a? dP = o’ P(N,)
Q Ng Na

where we used Lemma 5.6. O

An immediate consequence is Chebyshev’s inequality.

Corollary 5.20 (Chebyshev’s inequality). Let X : Q@ — R be a random variable. Then, there
holds

P(X ~BIX]| > 0) < Var[X] (5.27)

for all a > 0.

Proof. Apply Theorem 5.19 to X — E[X] for p = 2. O

5.4 Convergence theorems

We give a brief overview on the most important convergence theorems for sequences of random
variables. As before, let (Q2, F,P) always denote a probability space.

Definition 5.12. Let X, (X,)nen be random variables.
(i) We say (Xn)nen converges to X pointwise, denoted by X, 2, X, if
lim X, (w) = X(w)
n—r o0
for all w € Q.
(i) We say (X,)nen converges to X P-almost surely, denoted by X, 22 X, if
P(lim X, = X) =1
n— oo
shorthand for {w € Q : limp 500 Xn(w) = X (w)}
111 e sa n)neN converges to in probabilit; enote n —> i
(iii) We say (X.)ne ges to X in probability, denoted by X, ~2 X, if
P(| X, — X|>a) 22250
for all a > 0.
(iv) We say (X,)nen converges to X in distribution, denoted by X, Iy X, if
E[f(Xn)] === E[f(X)]
for all bounded f € C(R).
(v) We say (X, )nen converges to X in LP, denoted by X, L7, X, if

n—ro00

|Xn — X||p ——0 <
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Remark 5.11. The following diagram summarizes the implications between the different
types of convergence.

pointwise (i) = almost surely (ii) = in probability (iii) = in distribution (iv)

|

in LP (v)

There holds (ii) = (iii). The reverse implication (iii) = (ii) holds along a subsequence.
Moreover, we have (iii) = (iv), while the reverse (iv) = (iii) only holds if X is almost surely

constant.

Further, there holds (v) = (iii), where p = 1 is sufficient. Vice versa, we have (iii) = (v) if
(X5 )nen is uniformly LP-integrable, i.e. if

sup/ | X [P dP 2222
{IXn|>M}

neN

Finally, there holds (ii) = (v) if there exist an LP-majorant for (X, )nen, as we will see in The-
orem 5.24. <

Fact 5.21. The sequence of random variables (X, )ren converges in distribution to X if and
only if the corresponding distribution functions F, satisfy

n—oo

for all z € R at which the distribution function F' of X is continuous. <
We have the following result known as monotone convergence theorem.

Theorem 5.22 (Monotone Convergence Theorem). Let (X, )nen, Xn > 0, be a monotonically
increasing sequence of random variables. Then, there holds

E {sup Xn] = sup E[X,,] (5.28)
neN neN 4

Proof. For every n € N, we have X, = sup,,,cyy Xn,m for some monotonically increasing se-
quence (Xn,m)men of non-negative simple functions by Lemma 5.3. Moreover,

sup X, = sup (sup Xn,m) = sup Xnm

neN neN \meN n,meN

If we define Y := max{Xn,m : 1 < n,m < k} then (Yx)ren is a monotonically increasing se-
quence of non-negative simple functions and

supYy =sup max Xpm = sup Xnpm =supX,
keN keN 1<n,m<k n,meN neN

‘We have

E[X,] <E {sup Xn] =E {sup Yk} i sup E[Y%] < sup E[X}]
neN keN keN keN

for every n € N. The left inequality follows by monotonicity of the integral (Lemma 5.5 (iii)).
For the right inequality, observe that Y, < X for every k € N, since X, ,n < X, < X when-
ever 1 < mn,m < k. Thus, again by Lemma 5.5 (iii), E[Y%] < E[X}] for every k € N.

Taking the supremum over n € N on the left-hand side and renaming the (dummy) index on

the right-hand side yields

neN neN neN

supE[X,] < E[suan} < supE[X,]
and hence the claimed identity. O

The next result is Fatou’s lemma, which is a consequence of the Monotone Convergence Theo-
rem 5.22.

Theorem 5.23 (Fatou’s lemma). Let (X, )nen, Xn > 0, be a sequence of random variables.
Then, there holds

E [hm inf Xn] < liminf E[X,,] (5.29)

n— oo n— oo
<
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Proof. Let Y, := infy>, Xi. Then (Y, )nen is a monotonically increasing sequence of random
variables and we have

E [Iim inf Xn] G2 g [sup Yn] 29 supE[Y,,] < sup inf E[X] @2 Jim inf E[X,]

n—roo neN neN neNk2n n—oo
since, by Lemma 5.5 (iii), E[Y,] < E[X}] for all k£ > n. O

Theorem 5.24 (Dominated Convergence Theorem). Let p € [1,00) and let X, 3%) X as well
as | Xn| <Y P-almost surely for all n € N and some Y € £P(2, F,P). Then, X, 5 X. <

Proof. Since |[X,| <Y for all n € N, we have | X| <Y P-almost surely. Consequently, there
also holds E[|X|?] < E[Y?] < co. Set Z,, = |X, — X|P. We need to show E[Z,] — 0. There
holds

0<Z, < (IX|+Y)'=2Z

with E[Z] < co. Invoking Theorem 5.23, we have

(5.29)
E [lim inf(Z — Zn)] < liminfE[Z — Z,) = E[Z] — limsup E[Z,,]

n—o00 n—00 n—oo

n—oo

Furthermore, since X,, —= X P-almost surely, we have that Z, ——= 0 P-almost surely and,
consequently,

E [hm inf(Z — Zn)] = E[Z]

n—00

Inserting this in the previous inequality yields limsup,,_, . E[Z,] < 0 and consequently

lim E[Z,] =0

n— o0

since Z, > 0. O
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6 Laws of Large Numbers

Let (2, F,P) be a probability space (Definition 1.7).

6.1 Weak Law of Large Numbers

Theorem 6.1 (Weak Law of Large Numbers). Let (X,)nen with X, € £L2(Q, F,P), E[X,,] =
u for all n € N. Assume they are pairwise uncorrelated, i.e. E[(X; — pu)(X — p)] = 0 for all
j # k. Assume that Var[X,] < C for all n € N and some C' > 0. Then, for S, = > }_; Xz,
there holds

STL n—oo
_— —_—

n
in L? and in probability, see Definition 5.12 (v) and (iii). <

Proof.

= | 20D TEIG — (X - )

j=1k=1

1 n
= B - )
k=1 =Var[X]<C

<y /2 2220
n

2 i.p.
and hence S, /n L, u. According to Remark 5.11, this implies S, /n RN O

Remark 6.1. Instead of Var[X,] < C, it is sufficient that 3"7_, Var[Xy] = o(n?).

2
In case that E[X,] is not constant, we have £ 37" | (X — E[X4]) Lo <

A consequence of Theorem 6.1 is the approximation theorem of Weierstrafs, Theorem 6.2, which
states that polynomials are dense in the space of continuous functions on [0, 1] with respect to
the supremum norm.

Theorem 6.2 (Weierstral approximation). Let f € C([0,1]). Then for every € > 0, there
exists a polynomial p on [0, 1] such that |f(z) — p(x)| < € for all = € [0, 1]. <

Proof. Define the Bernstein polynomials according to

Bim(t) = (:) (1 —t)nF

forneN, k=0,...,nand t € [0,1].

n

fat) =" f(k/n)Byn(t) =

k=0 k=0

1 (k/m) (Z) -t

For fixed t € [0, 1], let P ; be the probability measure on {0,1} given by
Poj({z}) =t (1)

for z; € {0,1} and j = 1,...,n. We equip {0,1}" with the product measure P, = @7_, Py,
(Example 2.5), given by

o ( ->:<1{xj}) = H Pei({zi}) = H 5 (1 —t)' 7"
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for (z1,...,zn) € {0,1}". Let X1i,..., X, be the coordinate maps on {0,1}" and set S, =
Z?:1 X;. E; then denotes expectation with respect to P, i.e.

E/fg] *2” /{Ol}ngdmz > g@P{wh = Y g [

we{0,1}n we{0,13n j=1
for every g : {0,1}" — R. Setting g = f(Sn/n), we have

Ef(Su/m] = 3 F(Su(w)/n) H P (1 = )1

we{0,1}m

> X sem][rn g

k=0 we{0,1}"
Sn(w)=k

—Z > fk/n) tta -

k=0we{0,1}"
Sn(w)=k

=3 (Z)f(k/n) TAlC )

We have
< E;

1 1
)= 00 =[] 1 (25.) - 500 r(550) =100
Now let € > 0. Since f is continuous on the compact interval [0, 1], it is uniformly continuous
by the Heine—Cantor theorem. Hence, there exists ¢ > 0 such that |f(t) — f(s)| < &/2 whenever
|t — s| < §. Splitting the expectation according to whether |S,/n —t| < § (“good” event) or
|Sn/n —t| > § (“bad” event) and employing the A-inequality, we have

(5.24) |:

Et[f(%sn)—m)ﬂsg (\ s, —t‘<5>+sr€ng>§](|f() f(t)l)Ptq%Sn—t‘zé)
< 5+ max (£ + 7ODP( |25, - 2 9)

IA

1
5+ 207 (|55 20)
2 n
Since X1,..., X, are independent under P; and E[X;] = ¢, Var;[X;] = t(1—t) we have E;[15,] =

t and
_t1-1)
Var; [ ] E Var:[X;] = -

and applying Chebyshev’s inequality (Corollary 5.20), we obtain

P, lSnft >4 <—Vart 15 :it(l*t)< 1 R0
n 42 n

62 n — 462%n
Choose N € N such that 2lJlee < £, Then, for all n > N and all ¢ € [0, 1],

2| flloo
<
462n — ©

+

[fn(t) = F(B)] <

Thus f, — f uniformly on [0, 1]. O

N ™

A practical application of the Weak Law of Large Numbers (Theorem 6.1) is the Monte Carlo
method.

Theorem 6.3 (Monte Carlo method). Let f € £2([0,1],B([0,1]),A) and let (X,)nen be a se-
quence of independent and uniformly [0, 1]-distributed random variables. Then

LS s 2 [ fa)de (6.1)
n 0
k=1

<
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6 Laws of Large Numbers

Proof. Since f is measurable, the random variables (f(Xn))nen are pairwise independent by
Theorem 4.4. As mentioned in Example 4.2, this implies pairwise uncorrelatedness. They are
also identically distributed. Moreover, by Corollary 5.11 and since Px,, = A|o,1],

E[f(X,)] 27 /Q F(X) dp 2 L (@) / f@)dz = p

as well as
(5.12)

E[f(Xn)?] FX)2ap P2V [ p2an /1 F(z)?dz < oo
Q [0,1] 0

because f € £2([0,1],B([0,1]), ). Hence
Var[f(Xn)] = E[f(Xn)*] — (E[f(Xa)])* < E[f(Xn)*] = C < 00

is uniformly bounded (i.e. bounded by the constant C' independent of n). Thus the assumptions
of Theorem 6.1 are satisfied and we obtain (6.1). O

Remark 6.2. The proof works in arbitrary dimensions and with general distributions, as
long as f is bounded in L?. The Monte Carlo method is therefore applied as a dimnsion-robust
quadratur method, with dimension independent rate of convergence O(1/+/n). <

6.2 Strong Law of Large Numbers

Theorem 6.4 (Strong Law of Large Numbers). Let (X5, )nen be pairwise independent and
identically distributed with p = E[X,] and E[|X,|] < co. Then, for S, ==Y, _; Xk, there holds

STL n—oo
Pn nzoo,
n
P-almost surely, see Definition 5.12 (ii). <

An important consequence of the Strong Law of Large Numbers is the convergence of empirical
distributions, known as the Glivenko—Cantelli theorem (Theorem 6.6).

Definition 6.1. Let (un)nen and p be probability measures on (R, B(R)). We say that p,
converges weakly to u, denoted by

weakly
fon —— p
if
7w == [
R
for all bounded f € C(R). <

Remark 6.3. Weak convergence of probability measures (Definition 6.1) is the measure-theoretic
formulation of convergence in distribution of random variables (Definition 5.12). Indeed, by (iv)
and Corollary 5.11, there holds

Y, Xy
if and only if we have

weakly
Py, —— Py

for the image measures. <
The corresponding formulation of Fact 5.21 is

Fact 6.5. Let (pn)nen and p be probability measures on (R, B(R)). Let F,,,, and F, be the
distribution functions (Definition 2.10) of u, and pu, respectively. Then

weakly
n

if and only if
n— oo

Fiun (2) — Fu()

for every « € R at which F), is continuous. <
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6 Laws of Large Numbers

Theorem 6.6 (Glivenko—Cantelli). Let (X, )nen be independent and identically distributed
random variables. Define the empirical distribution via

po(w, A) = %Zéka(fl) - %|{k €{l,...,n}: Xu(w) € A}
k=1

which is the relative frequency with which the first n observations fall into A, where A € B(R).

Then, we have
n— oo

pn(w, ) —— Px, ()

weakly for P-almost every w € Q. This means that the empirical distribution p,(w,+) converges
weakly to the common distribution of the random variables (X, )nen. <

Proof. We prove the pointwise convergence of the sequence of empirical distribution functions

1 n
Fn(w7 1’) = pn(w7 (7007‘%]) = E Z 1(*0071] (Xk?(w))
] \———r
x k=1 =Y} (w)
for fixed € R, this is a random variable

F(z) = Px, ((—00,2]) = P({X1 < 2})

towards

for every « € R where F is continuous and then apply Fact 6.5.

For fixed € R, the random variables Y,, are independent and identically distributed. Since 0 <
Y, <1, we have E[|Y,|] = E[Y,] < E[1] =1 < co. Thus, we may apply the Strong Law of Large

Numbers and obtain
n—oo

Fp(w,z) —= E[Y1] = F(x) (6.2)
P-almost surely, see Definition 5.12 (ii). The equality on the RHS of (6.2) holds since
5.12 5.1
E[Y1] = E[1(_ oo (X1)] 27 / 1(o0,2)(X1)dP = / 1ix, <0y AP P({X) < o)) = F(2)
Q Q

for each fixed x € R.

In particular, we find for each z € R a set N, € F with P(N,) = 0 such that (6.2) holds for all
w € Q\ N,. The problem is that the exceptional set N, may depend on z.

Now letting N = |J,cq Nz, there holds P(N) < 3> P(N;) = 0, since Q is countable. There-
fore, for every w € Q\ N, the convergence in (6.2) holds simultaneously for all x € Q (not just
at continuity points of F). We find for all w € Q\ N by the monotonicity of probability distri-
bution functions that

F(s) = lim Fn(w,s) <liminf F, (w, z) < limsup Fp(w,z) < lim F,(w,t) = F(t)

for all z € R and all s,t € Q with s <z <t. Therefore, if F' is continuous at z, we have

lim F(s) = F(x) = lim F(t
lim F(s) = F(z) = lim F (1)

and, consequently, by the previous inequality, lim, o Fi(w, ) = F(z) for every w € Q\ N.

Thus, for every w € Q\ N, the distribution functions of p,(w, ) converge to the distribution
function of Px, at every continuity point of F'. By Fact 6.5, this is equivalent to

kI,
pn(w7 ) e Px,

for every w € Q\ N. Since P(N) = 0, the convergence holds for P-almost every w € Q2 and hence
the claim follows. O
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7 Central Limit Theorem

Let (2, F,P) be a probability space (Definition 1.7).

Definition 7.1. Let X be a real-valued random variable on (2, 7,P). The moment generat-
ing function of X is defined by

Mx(t) =E[e"*] = / e dp (7.1)
Q
for all ¢ € R such that E[e"*] < co. Its domain is Dx := {t € R: E[¢"*] < o0}. <

Example 7.1. If | X| < M P-almost surely, then the moment generating function exists on R,
since
E[etx} < E[e‘txl] = E[e‘t‘lx‘] < E[elt‘M] =e'™ <

for all t € R. <
If X admits a Lebesgue density fx in the sense of Definition 5.7 and ¢ € Dx, then e'4% is non-

negative and P X—integr‘able. Therefore, by Corollary 5.11, and Theorem 5.15, applied with p =
A v =Px and g = e*'9®, there holds

MX(t) (7:1) / 6tX dP (5é9) /etidR dPX (523) / etideX d)\l <5:8) eta:fX(w) dr (72)
Q R R R

Lemma 7.1 (Properties of moment generating functions). Let X : 2 — R be a random vari-
able with moment generating function Mx defined in an open interval Dx C R containing 0.

(i) The k-th derivative %MX (t) exists on Dx for all k € N and

dk

T Mx(0) = E[X*] (7.3)

(i) If X,Y : Q — R are independent with moment generating functions Mx, My on D and Z
= X + Y, then there holds Mz(t) = Mx (t)My (t) for all t € D.

(iii) Let a,b € R and set Y := a + bX. Then, My (t) = e** Mx (bt) for all t such that bt € Dx.
<

Proof. (i) Since My is finite on an open interval around ¢, the terms |X|*e** are domi-
nated for s near ¢ by an integrable exponential bound. Hence, the mean value theorem
applied to the difference quotients, together with repeated applications of Theorem 5.24,
yields

d* O ix ktX

for all t € Dx. Evaluation at ¢t = 0 yields (7.3).
(ii) The independence of X and Y yields

My (t) = E[e”?] = E[eX ] = E[eX e ] P2V E[e"X| B[] = Mx (t) My (1)

where the fourth equality is the factorization of expectations of non-negative measur-
able functions of independent random variables, which follows from Definition 4.2 and
Fact 5.12.

(iii) By direct computation, we infer
My (t) =E[e"] = E[e“aﬂ)x)} =E[e"e"¥] = " E[e"¥] = e Mx (bt) O

Remark 7.2. If Mx(t) exists and is finite on some open interval containing 0, then the distri-
bution Px is uniquely determined by the moments E[X*], k € N. <

Example 7.3 (Normal distribution). Let X ~ N(pu,0?) with u € R and ¢ > 0, i.e. let X
admit the Lebesgue density fx(z) = 1 _=(@=m?/(20") Then there holds

270

. 1 _(@—w)? 2t2 1 _ (z—(uto?t)? o242
Mx (t) ) /em 207 dr =Mt / e 307 dz = "7 (7.4)
2o Jr V2mo Jr

for all ¢ € R. Hence X has moments of all orders by Lemma 7.1 (i), and its distribution is
uniquely determined by those moments by Remark 7.2. <
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Fact 7.2. Let (X,)nen be a sequence of random variables with moment generating functions
(My)nen, which all are finite on some open interval Dx C R containing 0. Suppose there exists
a random variable X with moment generating function Mx, also defined on Dx, such that

nhﬁngo M, (t) = Mx(t)

for all t € Dx (see Definition 0.2). Then X, 24y X in the sense of Definition 5.12 (iv). <

We now prove a version of the central limit theorem for i.i.d. random variables whose moment
generating function exists in an open interval around zero.

Theorem 7.3 (Central Limit Theorem). Let (X,)nen be a sequence of i.i.d. random vari-
ables with mean g € R and variance 6 > 0. Assume that the moment generating function
M (t) := E[e"*'] exists and is finite on an open interval containing 0. Define

= Sn —nu
Sp = E X and Dy = =
n £ k n U\/ﬁ
Then (Z,)nen converges in distribution to the standard normal distribution. <

Proof. Without loss of generality, we assume p = 0 and set Z, == S, /(oy/n).

By Lemma 7.1 (ii), the independence of (X, )nen, and the fact that the random variables are
identically distributed, there holds

Ms, (t) = [ [ Mx, () = (M ()"

Using Lemma 7.1 (iii), we further infer

A R E))

Choose a > 0 such that (—a,a) is contained in the domain of M and set J := (—oa,oa). Then
the moment generating functions Mz, are finite on the common open interval J for all n € N,
since t/(oy/n) € (—a,a) for all t € J and all n € N.

Since M is finite in a neighbourhood of 0, its derivatives at 0 exist and by Lemma 7.1 (i), we
have

MO)=E["] =1  M(0)=EX]=0 M'(0)=Ex}] 2
and the second-order Taylor expansion of M around 0 therefore takes the form
2

M(s) =1+ %52 +7(s) (7.6)

where 7(s) = o(s?) as s — 0. In particular, for fixed t € J,

t (7.6) o? 2 t 2
M—— ) ™@14+Z ° ) =14t
(J\/ﬁ) 202n+r ov/n +2n+r()
where ry(t) == r(t/(0y/n)) satisfies nr,(t) — 0 as n — 0o, i.e. 7n(t) = o(1/n). Indeed, this is
immediate for ¢ = 0, while for ¢ # 0, setting s, = t/(o/n) gives

2
nra(t) = LT noee,

02 52
Inserting this into (7.5) and taking the logarithm (which is well-defined since the MGF is strictly
positive) gives
2
log Mz, (t) = nlog(l + ;7 + m(t))

Since log(1+u) = u+o(u) as v — 0, letting wu, (t) == t>/(2n) + r,(t) and observing that u,,(t) =
O(1/n), we obtain

log M. (t)_n ﬁ-&-r (t)+0 l —ﬁ+nr (t)—|—0(1) n—oo i
g Zn - om n o = 5 " 5

Therefore, by the continuity of the exponential function, we arrive at

. . log My (t li log My (t t2/2
lim My, (t) = lim ' °8M2n (") = glimnoooloa Mz, (t) _ t7/
n— oo n— oo

for every t € J. By Example 7.3 (7.4), this is the MGF of a standard normal random variable
Z ~ N(0,1). By Fact 7.2, we conclude that (Z,)nen converges to Z in distribution. O
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